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ABSTRACT - The Poisson-Boltzmann equation (PBE) is a second-order partial
differential equation that can be used to describe the ion distribution of colloidal
systems. In its classical form, only the electrostatic interactions between ions and
interface are considered. The aim of this work is to study the solution of PBE by
second order spline finite elements method applied to a one-dimensional system.
This method is used to solve the classical and the modified PB equation, which
considers van der Waals dispersion (non-electrostatic) interactions between ions
and macro-particles. The method consists in dividing of the domain into a number
of subdomains, in which the dependent variable is approximated by a second
order polynomial. The algorithm developed is validated by comparing the
numerical results of the classical PBE with results from the literature.

1. INTRODUCTION

Many techniques can be used to model colloidal system, such as: implicit and explicit
methods. Implicit methods consider the solvent as a continuous medium whose characteristics
are described by a single parameter: the dielectric constant. These methods reduce the degrees
of freedom of the system. Examples of implicit models are: PBE (ALIJO, 2011; BAKER,
2005; LIMA et al., 2009; MOREIRA, 2007), Coulomb's law and generalized Born methods
(FEIG; BROOKS, 2004).

Poisson-Boltzmann equation (PBE — Equation 1) is a second-order elliptic partial
differential equation. In the classical form, it is obtained from the Poisson equation assuming
that the mobile charges follow a Boltzmann distribution in the mean field approximation. This
distribution is affected by electrostatic potential and temperature, following the Gouy-
Chapman approach to describe the electrical double layer.
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where &, is the permittivity of vacuum, ¢ is the dielectric constant, c; ., is the concentration
of ion i (number of ions per volume unit) at an infinitely large distance from the solid phase
(in the bulk solution, ¥, = 0), e is the elementary charge, z; is the charge number of ion i, ¥
is the electrostatic potential, kg is the Boltzmann constant, T is the absolute temperature of
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the system and py is the volumetric density of fixed charge.

In the classical theory, the PBE takes into account only the electrostatic potential. But it
is not able to predict the ion specificity commonly observed experimentally. Aiming at the
inclusion of other interactions beyond the electrostatic, we use an ion specific PBE (ALIJO,
2011; BARBOSA, 2014; LIMA, 2008; MOREIRA, 2007):
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where U; ; is the j-th non-electrostatic energetic contribution of ion i. Non-electrostatic

interactions can be, for example, van der Waals interactions between ion i and the interface,
and hydration interactions. Moreira (2007) studied the influence of the dispersion potential
between ions and macro-particles on different colloid systems, showing that the inclusion of
this potential is relevant to explain some phenomena such as adsorption of colloidal particles
and surface tension of electrolyte solutions.

Note that if non-electrostatic interactions U; ; are disregarded, Equation (2) reduces to
Equation (1). Thus, PBE in its classical form is a particular case of the modified PBE.

For numerical convenience, we write Equation (2) in dimensionless form as:
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where y = ey/kgT is the dimensionless electrostatic potential, € is the normalized dielectric
constant, that is equal to €= ¢/gy, , &, is the dielectric constant of water at system
temperature, u; ; = ¥,; U; ;/kgT are the dimensionless non-electrostatic potentials and p is
the dimensionless volumetric density of fixed charges.

In Equation (3), all spatial variables are scaled by k™, the Debye length:

, €2 XiCiwZ (4)
= eweokgT

In this work, we consider only the van der Waals dispersion interactions obtained by
Lifshitz's theory to calculate ion specific non-electrostatic interactions between ions and
interface (LIMA, 2008; TAVARES et al., 2004). In Cartesian unidirectional coordinates,
these interactions are given by (ALIJO, 2011; LIMA, 2008; MOREIRA, 2007; NINHAM; LO
NOSTRO, 2010):

Bi (®)

Ui = — x—;, tox = 1
where x is the perpendicular distance from the center of the ion to the interface. According to
Ninham and Lo Nostro (2010), this expression is valid from a distance between the center of
the ion and the surface equivalent to one or two times the ion diameter. When B; coefficient is
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positive, interaction is attractive, promoting, in general, ion adsorption at the interface. On the
other hand, a negative B; value indicates repulsive interaction, promoting, in general, ion
depletion of the interface.

The aim of this work is to study the solution of dimensionless PBE by spline collocation
in finite elements in a one-dimensional system in Cartesian and spherical coordinates.

Despite having limitations for divalent ions or phenomena in which the correlation
between the ions is important, PBE has the advantage of being solved with low computational
cost and having no numerical instability for highly asymmetric systems, as happens with
integral equations theories (LIMA et al., 2009).

2. THEORY

2.1. Finite element method

The finite element method consists in the division of the domain, which defines the
problem that we want to model into smaller subdomains. In each of these subdivisions, the
dependent variables involved in the problem are approximated by interpolating its values
fixed in the boundaries of the subdomain. Thus, the discretization of the differential equation
results in algebraic equations whose unknowns are the values of these variables on the
boundary of various subdivisions (nodes of the finite elements) (PINTO; LAGE, 2001;
DHATT et al., 2012).

As an example for application of spline collocation in finite elements method for steady
one-dimensional system, we consider the general equation:

d [ dy B (6)
dx <® dx) +5=0

where x is the independent variable, y is the dependent variable and S is the source term.

In the development of the second order spline collocation in finite elements method, a
second order polynomial is used as interpolating function inside each subdomain. In order to
solve the problem it is necessary to find the coefficients of the polynomial inside each sub-
interval (finite element) (PINTO, LAGE, 2001). Thus, we have:

y(x,a,b,c) = a+ bx + cx? (7
y'(x,b,c) =b+ 2cx (8)
y'"(x,¢c) = 2¢ 9)

For each i element, varying from 1 to n (number of finite elements), there is a set of
second order spline coefficients (a;, b;, and c;).

Residue is the function obtained when the approach proposed is replaced into the
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differential equation to be solved. Thus, if the approximation is exact, the residue is zero in
the points of the considered interval.

If we divide the interval into n finite elements, at which xm; is the boundary of each
element i (ranging from 1 to n — 1) and using second order polynomial approximations, there
are 3n parameters. To solve this system in order to obtain a unique solution, it is necessary 3n
equations. The residual system for a second order differential equation is composed of
boundary conditions substituted by polynomial approximation, continuity conditions of the
spline at elements' boundary, differentiability conditions of the spline at elements' boundary
and differential equations replaced with polynomial approximation at collocation points.

Two equations are obtained from boundary conditions. Considering Dirichlet boundary

conditions (dependent variable specified at the boundary) we have the first two algebraic
equations of the residual system:

res; = y(Xo,a1, b1, 1) = Ylx=x, (10)

res, = ¥(xp, an, by Cn) = Ve, CED
For Neumann boundary conditions (derivatives specified the boundary) we have:

resy =y (x0,b1,¢1) = ¥'|x=x, = 0 (12)

res, = y'(x7, by, cn) — Y'lx=x; = 0 (13)

Regarding the continuity conditions of the spline at elements' boundary, there are n — 1
equations. For i ranging from 1 ton — 1, we have:

resyy; = y(xmy, a;, by, ¢;) — y(xmiyq, @i, biy1,Cip1) = 0 (14)

For the differentiability conditions of the spline at elements’ boundary, there are n — 1
equations.

resiin+i = ¥ (emy, by, ¢;) — ¥ (xmyiq, biyq,Ciy1) = 0 (15)

Replacing the polynomial approximation in the differential equation at collocation
points inside each subinterval, we obtain n equations of the residual system. Here the
collocation points (xc;) are defined as the midpoint of each element. In this way, there are n
collocation points.

When the source term is nonlinear, the algebraic system to be solved is also nonlinear.
A strategy used to solve the problem is the linearization of the source term around the
previous iteration value of y at the collocation point of finite element (y,).

S=S.y.+Sp (16)

where S, and Sp are the coefficients obtained from the values of y, in the previous iteration.
Thus, the solution should be iterative, i.e., the linearized equations are solved at each iteration
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and, therefore, the solution of nonlinear equations are obtained after the convergence of
consecutive iterations (LIMA, 2008; PINTO, LAGE, 2001). It is noteworthy that the linear
system obtained is a sparse system. As a strategy for resolution, we chose to order the
equations to obtain a band system composed of main diagonal and three diagonals
immediately above this and two diagonals immediately below the main diagonal. The method
used to solve the linear algebraic system is a generalized Thomas method for solving
heptadiagonal systems (BARBOSA, 2014).

2.2. Applying finite element method to the Poisson-Boltzmann Equation

Considering the dimensionless PBE, Equation (3(3), and comparing it with Equation
(6), we can identify the corresponding S and ® terms. Thus, classical and modified PBE can
be solved for different coordinates applying finite element method just by changing the
coefficients and source term. Table 1 shows the values of S and ® that should be used for
Cartesian and spherical coordinates, both in one-dimensional. While solving the nonlinear
algebraic system, the iterative linearization of the S term around a y, point of the previous
iteration (y,) results in Equation (16). In this case S, and Sp coefficients can be obtained from
the first two terms of the Taylor series of the PBE's right side around y,:.

Table 1- Poisson-Boltzmann terms for different one-dimensional coordinates

Cartesian x £ YiZiCiw eXp(=ziy —uy)
Zizizci,oo Pr
Spherical T er? ) <Zi ZiCi,00 €Xp(—2;y — ui)) _
- _
Zizizci,oo Pr
3. RESULTS

In order to validate the implementation of the numerical method, the numerical results
were compared to the analytical solution obtained from the Gouy-Chapman approach in
Cartesian coordinates, without including the non-electrostatic potential (MOREIRA, 2007;
LIMA, 2008; BARBOSA, 2014). This is a classical one-dimensional problem for a single
plate with specified surface potential equal to -15 mV in an aqueous system. The system is
composed of a symmetric electrolyte z:z at a bulk concentration equal to 150.0 mM and
temperature equal to 298.15 K. The dielectric constant of the medium corresponds to that for
water at 298.15 K (g = 78.5).

In spherical coordinates, when the radius of a charged particle is large enough, the
solution tends to approach to the solution in Cartesian coordinates. Thus, we compared
solutions for spherical coordinates considering three different particle radiuses under the same
conditions. According to Figure 1B the solution for charged particles with radius of the order
of 10”m or higher agrees with the analytical solution in Cartesian coordinates. Figure 1A
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shows that the numerical solution is satisfactory when compared with analytical solution.
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Figure 1 — Validation of the spline collocation method in Cartesian coordinates (A) and
comparison of numerical spline collocation solution in spherical coordinates with the
analytical solution in Cartesian coordinates (B)

The third case to be analyzed is the modified PBE with the inclusion of van der Waals
interactions between ions and colloid via Lifshitz theory. The potential at a specified distance
from 2A (distance equivalent to the ionic radius) is equal to -15 mV. NaCl and Nal
electrolytes are present in equimolar concentrations in the bulk solution. Dispersion
interactions coefficients between the surface and the ions Na*, CI" and I are: 0.454 x 10™°
Jm?, 3.576 x 10°°Jm® and 5.712 x 10°°°Im?, respectively.

In Figure 2 we show the relative ionic concentration profile (ratio between the ion
concentration in x and its bulk concentration). Note that near the surface there is a higher
concentration of the ion I due to its higher polarizability compared to CI". The more
polarizable the ion, the greater it tends to adsorb on the surface.

Bostrom et al. (2009) obtained similar results when analyzing ionic partition between
two regions: a neutral colloidal particles (micelles) solution and a micelle free phase. They
observed that the more polarizable the ion, the more it tends to accumulate in the dense phase,
adsorbing on the micelle surfaces.

Figure 3 shows the ionic concentration profile of a system with an uncharged membrane
at 1.0 um with a thickness of 10 nm. The phase at left of the membrane has a constant
volumetric density of fixed charges equal to -9,64 MC/m3. To define the volumetric density of
fixed charge in both sides of the membrane, we use a regularization function, according with
Freitas (2012) and Barbosa (2014). The bulk concentrations of the salts are: 60 mM NaCl and
90 mM Nal. The dispersion interactions coefficients between the surface and the ions Na*, CI’
and I" are the same of the previous case. It is noteworthy that the ionic concentration profile
inside the membrane is not real, being used only for numerical convenience of ensuring the
continuity of the system.
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Figure 2 — Relative ionic concentration profile near a charged surface for l/)(x = ZA) =
—15,0 mV at 298.15 K. The plateau at distance of 2A corresponds to the ionic radius.
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Figure 3 — Ionic concentration profile of a system with an uncharged membrane at 1.0 pm
with a thickness of 10 nm (shaded region of the graph). The bulk concentrations are 60 mM
NaCl and 90 mM Nal.

4. CONCLUSIONS

We have implemented the second order spline finite elements method to solve the
classical and modified PBE in Cartesian and spherical coordinates. The method was validated
by comparison with the analytical solution of classical PBE in Cartesian coordinates. Thus, it
has been proved to be efficient and suitable method for Poisson-Boltzmann calculations. We
have also considered a system with fixed charges and non-electrostatic interactions between
ions and macro-particles (e.g. membrane and proteins). The successful application of the
numerical method to this stiff system proves its robustness and shows that it may be useful to

study the ionic partition in biological system.
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