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ABSTRACT - Mass transfer is an important phenomenon in most chemical processes
and studies involving determination of mass transfer coefficients are necessary for a
better estimation of equipment performance. Solid-liquid mass transfer coefficients in
stirred systems have received substantial attention in the past due to their practical
applications. In contrast, little information is available on solid-liquid mass transfer in
crystallization systems, despite the importance of crystallization. In this work, an
expression for the mass transfer coefficients in solution crystallization, has been
developed based on the Stefan problem formulation. The model is able to predict a
finite mass transfer coefficient when the layer thickness vanishes. The obtained mass
transfer coefficients agree with previously reported experimental data.

1. INTRODUCTION

Crystallization is a widely used operation in industrial processes. Relevant examples are found
in pharmaceutical, high-performance polymer and electronic industries (Chen et al., 2011; Miozzo et
al., 2010; Huang et al., 2012 and Su et al., 2013). Despite its importance, very little is known about
solid-liquid mass transfer coefficients in crystallization. Several experimental works for the
determination of mass transfer coefficients in crystallization have been reported (Martins and Rocha,
2006; Van der Gun et al., 2005; Sahin et al., 2004; Louhi-Kultanen et al., 2001). On the other hand,
mass transfer coefficients in gas-liquid stirred systems have received substantial attention in the past,
and many correlations can be found in the literature (Nienov, 1992). Due to the difficulty in
measuring the coefficient of mass transfer in the crystallization process, the work of Zhao et al.(
2012) show a new method to calculate mass transfer flux during the crystal growth without the
knowledge of the mass transfer coefficient. In the present work, a theoretical expression for the mass
transfer in solution crystallization based on the Stefan problem model, has been developed, and a
finite mass transfer coefficient is obtained when layer thickness vanishes.

Stefan problems arise when domains of boundary conditions of partial differential equations
are not known. They are included, instead, as part of the equation solution scheme. Such problems are
known as moving boundary problems. In these cases, the boundary position depends on time and
space. Moving boundary problems are frequently called Stefan problems, with reference to the work
of Stefan in that area. The first work that can be associated with the mathematical problem of moving
boundaries is that proposed by Clapeyron and Lameé (1831). They determined the thickness of a solid
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generated by the cooling of a liquid. Stefan (1889) solved a more general problem for the growth of a
freezing boundary.

2. MATHEMATICAL MODELING

Generally, diffusion through film thickness is used for correlating data in industrial
crystallization processes. The first investigations (Berthoud, 1912; Valeton, 1923) suggested that
there are two steps in mass deposition during crystallization. The first one is a diffusive process,
whereby the solute is transported from a liquid phase bulk to a solid surface, followed by a first order
“reaction” when solute molecules arrange themselves onto crystal lattice. In practice, as interfacial
concentrations are difficult to measure, it is better to consider an “overall” concentration driving

force, (CA—C:\), which can be more easily measured. A general Eqg. (1) for crystallization based on
this overall driving force can be written as (Mullin, 1972)

dm,

dt = kGAA(CA _CZ)n (1)

Where kea is an overall crystal growth coefficient. The exponent n is usually referred to as
“order” of crystal growth process. Use of this term should not be confused with its more conventional
use in chemical kinetics. In crystallization, the exponent, which is applied to a concentration
difference, has no fundamental significance and does not indicate the number of elementary species
involved in the growth process.

For n = 1 the surface reaction is a first-order process. Therefore:

ks = . 2

Where Ky is the diffusive mass transfer coefficient and kr is the constant surface reaction rate .

In cases of extremely fast surface reaction, that is, for high kr, then k¢ = kg and the
crystallization process is controlled by diffusion on film thickness. Similarly, if kd is high the
diffusional resistance is low implying ke = k. Inthis case, the process is controlled by surface
reaction.

An expression can be obtained for the mass transfer coefficient using Eq. (1) considering the
linear form (n = 1)

d. k
E = C_(Z(CASS _CAS) 3)

Where Co it is the crystal molar concentration.

Silva et al. (2006) solved the Stefan problem applied to a crystallization process, in which the
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mass transfer is the most important phenomenon. Now, consider the schematic drawing of the crystal
shown in Figure 1.

In the present work ¢ is defined in the following as follows:
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Fig.1 Schematic drawing of the crystal growth
It should be observed, according to Figure 1, that CLc is the thickness of the film for mass

transfer around the crystal. As the change in the number of moles of the crystal per unit of time is
equal to the diffusive rate of A that arrives at the crystal surface, the Eq. (5) can be obtained:
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Notice that the function had been obtained previously in Silva et al.,(2006), whose value is:

U(c,t) =erf (ﬁj (7
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Where ( is the dimensionless length , DAB is diffusivity, CO is the crystal molar concentration
and Lc is the crystal critical radius. For most solutions the degree of supersaturation (CASS — CAS) is
relatively low (Mersmann, 1988) and for low supersaturation, as how it was previously shown in
Silva et al. (2006) y can be approximated by

— CT D e (CASS _CAS)
Co Li(CT _CAS)

9)

In this way, after substitution of Eq. (6), (7), (8) and (9) into Eq. (5), the following expression is
obtained,

. _&
d§ DABCT(CASS CAS)eXp£ 4a2tj (10)

dt Col (CT _CAS)

Multiplying Eq. (10) by the crystal critical radius, Lc, and comparing the result to Eg. (3), the
following expression is obtained for the mass transfer coefficient.

{3
_Cre ™ D, (11)
c =
(CT _CAS) P

In a way similar to the penetration theory (Bird et al., 1960), the mass transfer coefficient is

proportional to VD /2 . However, in the present case, dependence on time also includes an
exponential term. It should be noted that as time increases, the influence of the exponential term
decreases and the dependence on time tends to approach that predicted by penetration theory.

In Eqg. (11), the term CLc represents film thickness around crystal surface. Mullin (1972)
reported that film thickness varies from (20 to 150) um, measured on a stationary crystal in stagnant
aqueous solutions. He also mentioned, however, that in the experimental data reported by Marc
(1908, 1909a, 1909b, 1910), film thickness decreased significantly and tended to zero for vigorously
stirred solutions. This kind of result implies an almost infinite rate of crystal growth in vigorously
agitated systems. Berthoud (1912) and Valeton (1923) suggested modifications to the diffusion theory
of crystallization. According to them, there are two steps in the crystallization process: the first one is
the mass transport by diffusion of solute molecules from liquid phase bulk to solid surface, and the
second one is a first-order “reaction” step when solute molecules arrange themselves onto a crystal
lattice. It can be observed from Eq. (11) that mass transfer coefficients decrease as film thickness
increases and, at the limiting case of zero film thickness, the mass transfer coefficient tend to have
finite values. In all cases the mass transfer coefficient values decrease as a function of time.
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3. RESULTS AND DISCUSSION

The following values for the model variables were considered: CT = 26.13 kmol/m3; CO =
4.64 kmol/m3; CAS = 3.48 kmol/m3; DAB = (0.250, 0.314, 0.355) x 10-9 m2/s and boundary layer
thickness {Lc = 10 um. These values were selected based on properties of sucrose solutions under
crystallization conditions at 20°C (Norrish, 1967). Values for diffusivity of sucrose in water were
taken from Washburn (1929) and a relative supersaturation of 7% (Norrish, 1967), which corresponds
to CASS = 2.82 kmol/m3, was used in most cases. Dynamic behavior of mass transfer coefficient is
shown in Figure 2.
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Fig.2 Dynamic behavior of mass transfer coefficient for crystallization case study.

It can be observed that the mass transfer coefficient dynamic is very fast (a fraction of
second). It can also be observed that after a maximum value is reached very soon, it decreases for
fixes at a constant value. As expected, a larger value in the diffusivity provides a larger value in the
mass transfer coefficient. This fact is in agreement with the rate of crystal growth behavior presented
in a previous work (Silva et al., 2006), where the initial rate was higher, and decreased more than
quickly to a smaller value. The time at which the mass transfer coefficient reaches a maximum value
it is given by

2L2
t, = o (12)
ZDAB

As expected, Eq. (12) gives an extremely small time lapse.

Figure 3 (A) illustrates the mass transfer coefficient for three boundary layer values of (0, 5 and
10) um. As expected, the smaller the boundary layer thickness, the higher the mass transfer
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coefficient is obtained. This fact shows that larger boundary layers slow down the crystallization
process.
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Fig. 3 (A) Mass transfer coefficient dynamic behavior in crystallization process for different
limiting layer thickness. (B) Mass transfer coefficient as a function of limiting layer thickness.

For the same parameter values as in the previous illustration, Figure 4 shows mass transfer
coefficients as a function of limiting layer thickness.

Figure 3 (B) also demonstrates the mass transfer coefficient dependence on system
hydrodynamics. It can also be observed in Figure 3 (B) that at zero thickness a finite value was
predicted for the mass transfer coefficient, as experimentally expected. Finally, Figure 3 (B) shows
that the mass transfer coefficient vanishes for any limiting layer values higher than those determined
by Marc (1908, 1909 and 1910), that is, (20 to 150) um.

4. CONCLUSIONS

A mathematical model has been developed to predict mass transfer coefficients in solid-liquid
systems. This model is limited to the effect of mass transfer growth phenomena. It has been shown
that a finite mass transfer coefficient is obtained for zero thickness limiting layer. This fact was
observed experimentally by Marc (1908, 1909 and 1910) showing that the diffusion through film
concept can explain crystal growth. The mass transfer coefficient of the crystal reaches a maximum,
then decreases and reaches a lower constant value. Boundary layer thickness causes the mass transfer
coefficient to decrease, reaching zero around 60 um relative to the process variables used in the case
study. The stagnant effective film thickness obtained is of the same order of magnitude as those
determined experimentally by Marc (1908, 1909 and 1910).
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5.NOTATION

A crystal interfacial area perpendicular to diffusive flux (m?)
Co crystal molar concentration (kmol/m3)

Ca solute A molar concentration (kmol/m3)

C:\ solute A molar concentration at equilibrium (kmol/m3)
Cr solution molar concentration (kmol/ms3)

Cass  solute bulk concentration (kmol/m3)

Cas solute interfacial concentration (kmol/ms3)
Dag diffusivity (m2/s)

G average crystal growth rate (m/s)

ke mass transfer coefficient (m/s)

kca overall crystal growth coefficient (m/s)

Lc crystal critical radius (um)

N number of moles

n crystal growth order

Q crystallizer flow rate (m3/s)

t time (s)

tmax ~ time at mass transfer coefficient maximum (s)
U dimensionless concentration

Xa solute mole fraction

1) effective stagnant film thickness (um)

oh hydrodynamic boundary layer (um)

Om diffusion layer (um)

T residence time (s)

¢ dimensionless length
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