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ABSTRACT 
 
The existing tire models are basically of three kinds: essentially empirical (“magic formulas”), 
or mixed empirical/analytical, or extremely complex theoretical models almost useless in 
practical situations. The model here proposed does not require any empirical data, and 
presents a simple theoretical approach very suitable to use in project and analysis of real 
suspension systems. 
This paper presents a physical and mathematical model for the mechanical behavior of 
pneumatic car tires, in the particular case of vertical loading. It is a theoretical model, in the 
sense that it does not require any empirical data. It is based on the perfectly flexible and 
quasi-inextensible membrane theory, and its formulation does not rely on any tire material 
property – it is exclusively geometric. 
The calculated results from this model are compared with measured data from four quite 
different types of tires: two used in small passenger cars, one high performance tire used in 
sport vehicles, and other heavy duty tire used in SUV’s. In all cases, the differences between 
measured and calculated data were lower than 5% in the normal range of pressure and 
loading.  
 
 
 
1. INTRODUCTION	
 
Tire is the structural vehicle component that exchange forces and moments with road surface 
to support and control vehicle attitude. Means to deal with the rolling contact phenomena are 
relevant tools for vehicle dynamics engineer and the tire designer. It is usual to formulate 
empirical expression based on experimental data to describe tire behavior. This approach does 
not have any physical or mechanical fundamental relationship with the tire structure itself. 
Several models with different approach, purpose, level of complexity and accuracy have been 
proposed by various authors during last half century, accessing only partial aspects of this 
complex system. Finite element method (Nakashima, Wong, 1993), multi radial spoke model 
or brush model (Sharp and El-Nashar, 1986), (Duggof, Fancher, Segel, 1970, Pacejka, 1972), 
flexible ring model (Miège, 2004), membrane model (Zachow, 1997) shell model (Lecomte, 
2010), modal synthesis method (Guan, 1999, Shang 2002), experimental data multiparametric 
polynomial interpolation (Bakker,(Delft) 1987, Segel et el (UMTRI Michigan) 1977, Pacejka 
(Delft) 1993) are some examples. 
 
In this text, the mechanical behavior of an pneumatic tire will be represented by a structural 
model called “membrane”, or “thin walled involucres” (Timoshenko (1964), 
Pissarenko(1985)), which physical and mathematical models will be presented in the next 



item. The interface region between the tire and the road will be focused, with the goal of 
obtaining a detailed distribution of the forces systems acting in this region. The appropriate 
integration of these forces systems will give the values of the forces and moments acting at 
the vehicle suspension system. 
 
This model is essentially different from those presented by several authors (for instance, 
Böhm (1966), Vil’ke (1998, 2001 and 2004), Pacejka (2006)). 
 
This paper presents an approach to the vertical model only. The vertical deflection of different 
types of actual tires, calculated using the model here proposed, is compared with measured 
data.  
 
 
2. PHYSICAL	MODEL	–	MEMBRANE	
 
The physical model adopts the following hypothesis and simplifications: 
 
1 – The tire is represented by three (03) geometrical surfaces, as shown in Figure 2.1, which 
are defined by: 
 

a) Two equal and symmetrical side walls, seen in Figure 2.2 (internal and external 
surfaces), constituted by the partial section of a toroidal surface defined by the 
following dimensions: the external tire radius (Re), its internal radius or the wheel 
radius (Ri) and the “curvature parameter” or “bulging parameter” (co) shown at the 
Figure 2.2, for the tire without loading. 

 
b) The tread, also in Figure 2.2, represented by the orthogonal section of a cylinder, is 
defined by the “equivalent” external radius of the tire (Reb) and the breadth of the 
tread (L). Note: Reb may be a little different from Re but, in principle, Re = Reb. 

 
 

 

Figure 2.1 – Membrane model 
 



2 – The side walls are geometrical surfaces (with no thickness) and they behave as ideal 
membranes, i.e., they are perfectly flexible (there is no bending stiffness) and they are 
inextensible (there are no deformation along the surface). 
 
3 – The tread is also a geometrical surface (with no thickness) and it also behaviors as ideal 
membrane. But, for some effects (e.g., the longitudinal slip), this hypothesis may be used just 
partially. 
 
 4 – For the side walls, the membrane stresses intensity (modulus) will remain constant under 
the several loads, and just their direction will change. The directions changes will occur 
according the respective changes of the surfaces geometry, under the corresponding loading 
cases. 
 
5 – The internal volume of the tire is constant and, with constant temperature, the internal gas 
pressure does not change under loadings. 
 
6 – The contact region between the tire and the ground is a plane quadrilateral. 
 
 

 

 

a. One Side wall b. Tread c. Membrane model 
   

 Figure 2.2 – Membrane model surfaces  
 
7 – Concerning to the loads at the interaction tire-ground, the region of the tread in contact 
with the ground is isolated, and the corresponding force systems are applied to this region. It 
is considered six (6) distributed force systems acting in this region. The whole set of forces, in 
the absence of inertia forces (no acceleration), constitutes a null system (i.e., a force system 
where the resultant and the moment to any pole are both equal to zero), which implies the 
static equilibrium of this region. The Figure 2.3 shows five of these systems, corresponding to 
the tire forces acting in the contact region. The sixtieth system is the reaction of the ground 
over the contact region. From membrane hypothesis, this reaction system is equal and directly 
opposite to the combined other four ones. 
 



 

 
 
 

 

 
 

 

 
 

(a) Side walls force systems (two 
– External (E) and Internal (I)) 

(b) Tread force systems (two – fore and 
aft) 

(c) Direct uniform pressure force 
system 

   
 Figure 2.3 Force systems at contact region 
 
A simple physical approach was adopted in this paper, with a straight mathematical 
formulation, even so it was not rigorously exact from the theoretical viewpoint. This kind of 
approach is very common and useful from Engineering viewpoint. For example, 
Timoshenko(1970), in his plain beam theory, adopted the hypothesis that “plane sections 
remain plane” during the beam bending under transverse loading. This hypothesis is not 
compatible with the Theory of Elasticity, from where the shear stresses cause a section 
warping, and they do not remain plane, invalidating the Timoshenko’s hypothesis. Even so, 
this very small “warping effect” is neglected by Timoshenko, and his theory is large and 
successfully used in Engineering. 
 
3. MATHEMATICAL	MODEL	–	SIDE	WALL	SEGMENT	
 
Let us define the orthogonal positive coordinates system (O, x, y, z), shown in Figure 3.1, 
fixed to the wheel with exception to the rotation on Oz. It is the equivalent to say that this 
coordinate system is fixed to the vehicle’s wheel shaft. 

 
 
Figure 3.1 – Basic coordinates system  

 
Let us consider the side wall’s segment AB, as shown in Figure 3.2.  
 
It will be supposed that the stresses state of AB arch is the same of a toroidal surface with 
internal pressure p and dimensions defined from the parameters Re, Ri e c. Let us suppose that 
the stresses remain unchanged for small deformations of the side wall, it means, Do << Re. 
Then, in the plane of AB arch, the radial stress is given by (Young, 2001): 
 
௥ߪ ൌ .݌  ଴/2݄          (1)ߩ



 
where h is the toroid wall thickness, p is the internal pressure and 0 is the side wall’s 
circumference radius corresponding to co, as shown on Figure 3.2b. The distributed force, per 
unit length, that the side wall applies on the contact region, acting at B, is: 
 
Ԧ݂
௅ ൌ 	െߪ௥. ݄. Ԧݍ ൌ െ݌. .଴/2ߩ  Ԧ        (2)ݍ

 
where ݍԦ is the versor indicated in Figure 3.2(b).  
 
It will be supposed that the stresses state of AB arch is the same of a toroidal surface with 
internal pressure p and dimensions defined from the parameters Re, Ri e c. Let us suppose that 
the stresses remain unchanged for small deformations of the side wall, it means, Do << Re. 
Then, in the plane of AB arch, the radial stress is given by (Young, 2001): 
 
௥ߪ ൌ .݌  ଴/2݄          (1)ߩ
 
where h is the toroid wall thickness. The distributed force, per unit length, that the side wall 
applies on the contact region, acting at B, is: 
 
Ԧ݂
௅ ൌ 	െߪ௥. ݄. Ԧݍ ൌ െ݌. .଴/2ߩ  Ԧ        (2)ݍ

 
where ݍԦ is the versor indicated in Figure 3.2(b).  
 

 
 

a. Side wall view  
 

b. Side wall segment 
(view of plane orthogonal to xy) 

 
Figure 3.2 Side wall  

 
 



The other toroid stress component, orthogonal to the plane of the arch AB, self equilibrates 
when the AB segment is considered and, therefore, is equivalent to zero in this segment. 
 
The length bo = Re – Ri and the parameter co correspond to the side wall segment region out 
of the contact extension; b and c correspond to the deformed side wall region, along to the 
contact region. 
 
For a generic tire loading, the points A and B will displace, and let us suppose that the arch AB 
remains being a circumference arch, defined by the resulting values of b and c. The direction 
of the versor ݍԦ  will change, due to the changes of the line AB direction and the curvature of 

the arch AB. Then, in equation (2), the force Ԧ݂௅  applied in B will have constant modulus, 
changing only its direction (same of  ݍԦ) as function of the load case. 
 
From Figure 2.2(b), it is seen that the versor ݍԦ direction is defined by the angle . From 
membrane hypothesis, the length of the arch AB remains constant and it will be adopted the 
following simplified condition, valid in principle for small deformations (i.e., Re – Ri >> D0): 
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Then, it is possible to write the following geometric relationships: 
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Using the versors (ݑ∗ሬሬሬሬԦ, ,ሬሬሬሬԦ∗ݒ ݇∗ሬሬሬሬԦ), shown in Figure 3.2(b), as a local orthogonal positive 
coordinates system, the versor ݍԦ may be expressed in components: 
 
Ԧݍ ൌ 	െ cos߮	ݒ∗ሬሬሬሬԦ െ sin߮	݇∗ሬሬሬሬԦ       (7) 
 
And, thus: 
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with:  0 = FF2 / (2.co) 
 
 



4. VERTICAL	LOADING	AND	FORCES	(VERTICAL	DEFLECTION)	
 
4.1	‐		Side	wall	segment	
 
This case corresponds to the forces systems shown in the case (a.1) of Figure 2.3. 
 
In the case of vertical deflection only, the relationship between the local side wall versors 
,ሬሬሬሬԦ∗ݑ) ,ሬሬሬሬԦ∗ݒ ݇∗ሬሬሬሬԦ) and the wheel versors ൫ଓԦ, ଔԦ, ሬ݇Ԧ൯ shown in Figure 3.1, for the external side wall 
surface (E), will be: 
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where, using the Figure 3.2a: 
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and          (9) 
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Therefore, the distributed force applied in the tire external side wall region will be given by: 
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and its resultant will be: 
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Changing the integration variable from x to b, we obtain the following integral for the vertical 
component of the resultant force: 
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In this case of vertical load only, the vertical component of the resultant for the tire internal 
side wall surface (I) will be, by symmetry: 
 
௅ூ௬ܨ ൌ  ௅ா௬            (15)ܨ	
 
4.2	‐		Tread	
 
This case corresponds to the forces systems shown in case (b.1) of Figure 2.3. 
 
Let us consider a cylinder with radius Re and internal pressure p*.  
 
Let us define this pressure p* as the sum of the internal gas pressure plus the “equivalent 
pressure” p’, corresponding to the radial loads applied by both side walls on the tread, 
obtained from equation (1), observing Figure 2.2b (where 0 is the value of  at the unloaded 
condition), and according to equations (8), with L being the tread’s width: 
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The traction force, applied on the contact region by the cylinder wall at B, at the forward side 
(front) of the contact area, by unit length, will be given by (Young, 2001): 
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Figure 4.1 – Tread 
 
 
Thus, the vertical resultant applied in the tread, with width L, corresponding to the frontal 
region of the contact area, will be: 
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Taking equations (4) e (6), with b = bo = Re – Ri, one gets: 
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Substituting these two expressions in the previous equation, it results in: 
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By symmetry, the rear force also comes: 
 
஼௥௬ܨ ൌ  ஼௙௬            (20b)ܨ	
 
4.3	‐		Direct	pressure	
 
The vertical resultant of the pressure applied over the contact region, as shown in Figure 2.3, 
case (c.1), will be: 
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4.4	‐		Relationship	between	vertical	load	and	vertical	deflection	
 



The equilibrium condition on vertical direction gives the expression of the road reaction’s 
resultant FRy, as a function of the vertical deflection D0: 
 
FRy (D0) = – (2.FLEy + 2.FCfy + Fp ) =>  
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where: 
 
ܽ ൌ ܴ݁ െ   ଴ܦ
 
 
5. COMPARISON	OF	RESULTS	
 
With the purpose of evaluating this mehtodology, values of vertical forces and deflections 
were calculated for different pressure, using the expression (22), and compared with measured 
data. Three different tire types commonly used in passenger cars were selected. Namely: tire 
for small passenger cars (figures 5.2 and 5.5), high performance tire (figure 5.3) and tire used 
in SUV vehicles (figure 5.4). All these comparisons are shown in the next figures. 
 
The following approximations were used in the tires models: 
 
Internal radius (effective position of the bead bundle): 
Ri = DD/2 + 5 mm          (23) 
 
External radius (effective position of the tread’s mean surface): 
Re = DD/2 + AA – 15 mm         (24) 
 
Curvature or bulging parameter: 
co = estimative, depending on the tire and the wheel     (25) 
 
Tread width: 
L = LL – 2*co           (26) 
 
where the data from tires are: 
LL = “Section Width” 
AA = “Section Height” 
DD = “Nominal Rim Diameter” 
 



5.1	–	Comparison	of	results	–	Tire:	Pirelli	175/65R14	Cinturato	P4	
The Pirelli 175/65R14 Cinturato P4 type tire, commonly used in small passenger cars, is selected due to its large 
use in Brazil. In this case, the maximum applied load per tire is around 600 kgf and the pressure ranged from 
1.93 bar (28 psi) to 2.76 Bar (40 psi). In the load range from 300 to 600 kgf, the obtained values differ less than 
10% from the experimental data. In this case: 
Ri = (14 * 25.4) / 2 + 5 = 182.8 mm = 0.1828 m 
Re = (14 * 25.4) / 2 + (0.65 * 175) – 15 = 276.55 mm = 0.27655 m 
co = 10 mm = 0.01 m 
L = 175 – 2 * 0.01 = 155 mm = 0.155 m 
 

Meas. Pressure (psi) 

Load 28 32 36 40 44 

(kgf) 
Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

100 9 77 -23.0% 8 74 -25.8% 8 83 -16.6% 8 93 -7.3% 8 102 2.0% 

200 16 175 -12.7% 14 165 -17.3% 14 186 -7.0% 13 186 -6.9% 12 183 -8.6% 

300 22 271 -9.7% 20 272 -9.4% 19 285 -5.0% 18 294 -2.1% 17 299 -0.5% 

400 28 374 -6.6% 25 368 -8.1% 24 392 -2.1% 22 387 -3.3% 21 399 -0.1% 

500 34 480 -4.0% 30 467 -6.5% 28 481 -3.9% 26 484 -3.2% 25 505 1.1% 

555 37 534 -3.8% 33 528 -4.8% 31 549 -1.1% 29 559 0.7% 27 560 0.9% 

Table 5.1 – Vertical load and deflection  - Tire: Pirelli 175/65R14 Cinturato P4  
(Measured data by Pirelli Pneus Brasil) 

 
Figure 5.2 – Measured (points) x calculated (lines) vertical deflection – Tire: Pirelli 175/65R14 Cinturato P4  

(Measured data by Pirelli Pneus Brasil) 
 
5.2	–	Comparison	of	results	–	Tire:	Pirelli		P7	225/45R17	
The Pirelli P7 225/45R17 type tire was selected as a high performance tire. In this case, the maximum applied 
load per tire is around 700 kgf and the pressure ranged from 2.00 bar (29 psi) to 2.96 Bar (43 psi). In the load 
range from 300 to 700 kgf, the obtained values differ less than 10% from the experimental data. In this case: 
Ri = (17 * 25.4) / 2 + 5 = 220.9 mm = 0.2209 m 
Re = (17 * 25.4) / 2 + (0.45 * 225) – 15 = 302.15 mm = 0.30215 m 
co = 7 mm = 0.007 m 
L = 225 – 2 * 7 = 211 mm = 0.211 m 
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Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas
. Defl.
(mm) 

Calc
. 

Load
(kgf)

Dif. 
Load 
(%)

100 7 71 -29,2% 7 78 -21,9% 8 104 3,7% 7 93 -7,2% 7 98 -2,3% 7 105
5,0
% 

200 13 172 -14,0% 12 170 -15,2% 12 185 -7,3% 12 201 0,7% 11 187 -6,4% 11 201
0,7
% 

300 18 271 -9,7% 17 276 -7,9% 17 302 0,7% 16 302 0,5% 15 290 -3,3% 15 312
4,0
% 

400 23 377 -5,7% 21 369 -7,9% 21 403 0,8% 20 410 2,4% 19 402 0,5% 19 432
8,1
% 
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500 28 489 -2,3% 26 490 -2,1% 25 509 1,7% 24 523 4,7% 23 521 4,1% 22 527
5,5
% 

600 33 602 0,4% 30 589 -1,8% 29 617 2,9% 28 640 6,7% 27 643 7,2% 25 625
4,2
% 

670 36 671 0,1% 33 665 -0,8% 32 699 4,4% 30 700 4,4% 29 705 5,3% 28 725
8,2
% 

Table 5.2 – Vertical load and deflection – Tire: Pirelli  P7 225/45R17  
(Measured data by Pirelli Pneus Brasil) 

 
Figure 5.3 – Measured (points) x calculated (lines) vertical deflection – Tire: Pirelli  P7 225/45R17  

(Measured data by Pirelli Pneus Brasil) 
 
5.3	‐	Comparison	of	results	–	Tire:	Pirelli	Scorpion	ATR	P245/70	R16	
The Pirelli Scorpion ATR P245/70 R16 type tire, used in SUV's, is evaluated. In this case, the maximum applied 
load per tire is around 1000 kgf and the pressure ranged from 2.00 bar (29 psi) to 3.86 Bar (56 psi). In the load 
range from 400 to 800 kgf, the obtained values differ less than 10% from the experimental data (except in the 
case of 400 kgf and 56 psi, where the difference was about 13%). In this case: 
Ri = (16 * 25.4) / 2 + 5 = 208.2 mm = 0.2082 m 
Re = (16 * 25.4) / 2 + (0.70 * 245) – 15 = 359.7 mm = 0.3597 m 
co = 13 mm = 0.013 m 
L = 245 – 2 * 13  = 219 mm = 0.219 m 
 

Meas. Pressure (psi) 

Load 29 36.3 42.1 49.3 56.6 

(kgf) 
Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 
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Defl. 
(mm) 
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Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

Meas. 
Defl. 
(mm) 

Calc. 
Load 
(kgf) 

Dif. 
Load 
(%) 

200 10 136 -32,1% 9 146 -27,2% 8 142 -28,9% 7 137 -31,6% 6 125 -37,5%

400 20 369 -7,9% 17 366 -8,5% 16 389 -2,7% 14 376 -6,0% 12 345 -13,7%

600 28 590 -1,6% 25 631 5,2% 22 612 2,0% 20 626 4,4% 18 619 3,2% 

800 36 832 4,0% 31 850 6,3% 28 857 7,1% 25 858 7,2% 23 876 9,5% 

969 43 1053 8,7% 37 1080 11,5% 33 1074 10,8% 30 1104 13,9% 27 1096 13,1% 

Table 5.3 – Vertical load and deflection – Tire: Pneu Pirelli Scorpion ATR P245/70 R16  
(Measured data by Pirelli Pneus Brasil) 
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Figure 5.4 – Measured (points) x calculated (lines) vertical deflection – Tire: Pirelli Scorpion ATR P245/70 R16 

(Measured data by Pirelli Pneus Brasil) 
 
5.4	‐	Comparison	of	results	–	Tire:	Pneu	Good‐Year	GPS3	Sport	185/65R14	86T	
The small passenger cars tire (Good-Year GPS3 Sport 185/65R14 86T) is evaluated. In this case the load per tire 
reach 1000 kgf and the pressure ranged from 2.00 bar (29 psi) to 2.96 Bar (43 psi). In the load range from 400 to 
1000 kgf, the obtained values differ about or less than 11% from the experimental data. In this case: 
Ri = (14 * 25.4) / 2 + 5 = 182.8 mm = 0.1828 m 
Re = (14 * 25.4) / 2 + (0.65 * 185) – 15 = 283.05 mm = 0.28305 m 
co = 9 mm = 0.09 m 
L = 185 – 2 * 9 = 167 mm = 0.167 m 

Meas. Pressure (psi)

Load 29 43.5 

(kgf) 
Meas. Defl. 

(mm) 
Calc. Load 

(kgf 

Dif. 
Load 
(%) 

Meas. Defl. 
(mm) 

Calc. Load 
(kgf 

Dif. 
Load 
(%) 

182,9 10,2 115 -36,9% 7,6 113 -38,2%
315,6 17,8 254 -19,4% 13,2 250 -20,7%
416,8 23,8 379 -9,1% 17,4 370 -11,3%
600,7 32,6 575 -4,3% 24,7 598 -0,5% 
786,0 42,7 807 2,6% 31,7 832 5,8% 
972,8 51,5 1007 3,5% 38,8 1076 10,6%

Table 5.4 – Vertical load and deflection – Tire: Pneu Good-Year GPS3 Sport 185/65R14 86T  
(Measured data by Volkswagen do Brasil) 

 
Figure 5.5 – Measured (points) x calculated (lines) vertical deflection – Tire: Good-Year GPS3 Sport 185/65R14 
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(Measured data by Volkswagen do Brasil) 
 
 
6. CONCLUSIONS	AND	COMMENTS	
 
A new model for the tire is proposed based in the membrane concept, or thin walled 
involucres hypothesis, which physical and mathematically represents the tire vertical 
structural behavior. The model proposed is simple, purely geometric and therefore clearly 
understood from the physical point of view. Results obtained with the model shows good 
agreement with experimental data from different tires and inflation pressure. 
 
1 – An essentially theoretical approach was adopted in this model, in the sense that it does not 
require any empirical data. 
 
2 – The membrane or thin walled involucre model, here adopted, does not depend of the tire 
material, but only on its geometry. The tire model is defined by only four independent 
geometric parameters: Re, Ri, co and L, obtained directly from its dimensions. 
 
3 – The calculated data from the proposed model were compared with measured data from 
four quite different tire types – for small cars, for high performance race car and for heavy 
duty SUV’s. In all the cases, the differences between measured and calculated data were 
lower than 5% in the normal range of pressure and loading. In extreme ranges (too high or too 
low), these differences were about 30%. It is relevant to note that, for instance, on Table 5.1, 
for 100 kgf, the measured tire deflection is 9 mm for 28 psi, and 8 mm (constant) from 32 to 
44 psi. It means that the measured data suggests that the deflection does not depend on the tire 
pressure in this range. For more significant comparisons, the measured data would need to be 
more accurate. 
 
4 – The proposed model presents simplicity of use and capacity to represent quite well the tire 
mechanical behavior. It may be significantly useful in situations of developing or optimizing 
vehicles suspension systems. 
 
5 – Other situations with lateral loads, curves, slips and dynamical structural behavior and 
load conditions, will be approached in future article. 
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