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Abstract. Bone remodeling involves the coordinated removal of bone by osteoclasts and
addition of bone by osteoblasts, a process that is modulated by the prevailing mechanical
environment. In this paper a fully coupled model of bone remodeling is developed, based
on coupling a bone cell population model with a micromechanical homogenization scheme of
bone stiffness. While the former model considers biochemical regulatory mechanisms between
bone cells such as the RANK-RANKL-OPG pathway and action of TGF-beta, the latter model
allows for accurate upscaling of the mechanical properties of bone. Importantly, we consider
bone remodeling as being controlled proportionally to the microscopic strain energy density,
on the observation scale where the sensing of the mechanical loading takes place, estimated
by means of continuum micromechanics-based strain concentration. This approach allows to
address two fundamental questions of bone biology: (i) How do biochemical changes influ-
ence bone remodeling and so affect the composition and mechanical properties of bone? and
(i) What mechanisms are responsible for mechanoregulation of bone remodeling? Numerical
studies highlight the conceptual advantage of this new approach compared to conventional
phenomenological models. It is demonstrated that the proposed model is able to simulate
changes of the bone constituent volume fractions that are in qualitative agreement with exper-
imental observations for osteoporotic and disuse syndromes.
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1. INTRODUCTION

Bone remodeling comprises the concerted activities of bone-resorbing osteoclasts and
bone-forming osteoblasts, see [1, 2] for comprehensive reviews. Formulation of mathematical
models, which include different cell types and regulatory factors in the description of bone



remodeling, is challenging and only recently the reseaoshrounity has realized the need
for such models in order to make links with clinical researdrhe first model which has
included the action of biochemical factors on bone cells feasulated by [3]. This model
has been revisited by [4, 5], who refined and extended theidenesl biochemical factors,
and evaluated the resulting bone cell populations in teriieeotemporally changing bone
volume. While the latter model gives valuable insights rdgey implications of biochemical
changes caused by diseases and/or therapeutic treatmehesmopulations of involved bone
cells, no information is provided on how the mechanicalgnitg of bone is influenced under
such circumstances. This deficit is the motivation for thet fluestion addressed in this paper:

I. How do biochemical changes affect the composition andrtBehanical properties of
bone?

Experiments show that, apart from the prevailing biochameonditions, mechani-
cal loads acting upon bone also significantly influence thaton and sequence of bone
remodeling-related mechanisms [6, 7, 8, 9]. The sensing@fidcal mechanical environ-
ment and the transduction of the sensed signal to corresmpudllular events is managed
by a third bone cell type, osteocytes [10], differentiatirmgm osteoblasts which have been
entrapped during bone formation in the composite of colidg®es and hyroxyapatite crys-
tals, commonly referred to as extracellular bone matrix.er€by, osteocytes populate the
lacunar pores within the extracellular bone matrix. Theopsrmaterial consisting of extra-
cellular material and lacunae is standardly called exsewiar matrix. The exact functioning
of mechanosensing in the course of bone remodeling remaibs unraveled, but experi-
mental results strongly support the hypothesis that therdeftion of the extravascular bone
matrix (hosting osteocytes which reside in lacunae) is adsmagicator for the exertion of
influence on bone remodeling through mechanical forces [MHif hypothesis is the starting
point for tackling the second question of this paper:

[I. What are the mechanism giving rise to mechanical regoiabf bone remodeling and
how can they be captured by a mathematical model?

Given the importance of the bone matrix deformation for aersvg this question, knowl-
edge of the actual bone stiffness is crucial. Predictiveatiod of the mechanical properties
of bone requires consideration of its distinctive hierazahorganization [12, 13]. Continuum
micromechanics [14, 15] has proven to be well suited for thsk, providing reliable esti-
mates of bone stiffness [16, 17, 18] based on the volumeidrexcof the bone constituents
discernible on the investigated observation scales (fratoellagen to cortical bone), on the
universal mechanical properties of the basic building kdoaf bone (collagen, hydroxyap-
atite, and water), and on the mechanical interactions ltvibmne constituents. Provided
that both universal mechanical properties and interastare invariant over the lifetime of
bone [19, 17], the volume fractions remain as the key sowacesuntable for bone stiffness
changes over time, e.g. in the course of diseases [20] angd afibone [21], but also due
to long-ranging alteration of the mechanical loading eeédnto bone [7]. However, state-
of-the-art micromechanical models do not consider the lmomstituent volume fractions as



being controlled by the underlying bone cell activities.ciging this shortcoming directly
relates to the answer to question I.

In summary, this paper is devoted to development of a fullypéed model of bone
remodeling, based on a bone cell population model and a m@rbanical homogenization
scheme of bone stiffness, which contributes to answeriagebearch questions raised above.
This new approach allows for both biochemical and biomedahregulation of bone remod-
eling, and will be implemented based on extension of theipusbone cell population model
(BCPM) by introduction of mechanoregulatory mechanisrpgjiaation of the revised BCPM
to a representative volume element of cortical bone, corubo$ extravascular bone matrix
and Haversian canals, and analysis of the resulting celllptipns in terms of corresponding
bone constituent volume fractions; using the volume foatias input for a micromechanical,
one-step homogenization scheme which provides the maipmsstiffness tensor of cortical
bone; and development of a new model for mechanosensinghancbtresponding modu-
lation of bone remodeling, based on the microscopic stragrgy density, rather than on
the commonly considered macroscopic one. The capabibfieésis methodology are then
elucidated and discussed in the course of numerical studies

2. A bio-chemo-mechanically coupled model of bone remodelj

2.1. Fundamental mechanisms

Bone remodeling is the continuous process of bone resorptim bone formation.
Bone cells involved in bone remodeling derive from two diffiet cell lines. Osteoblastic
cells (responsible for bone formation) originate from nmetgmal stem cells, whereas os-
teoclastic cells (responsible for bone resorption) oaggrfrom hematopoietic stem cells. Itis
well known that bone remodeling is regulated by both biodleahand biomechanical mecha-
nisms, which we will briefly sketch subsequently — for detage [4, 5] and references therein.

By binding to respective cell receptors, transforming gtofactors (TGF-3) pro-
motes differentiation of uncommitted osteoblast progendells into osteoblast precursor
cells, whereas it inhibits differentiation of osteoblaséqursor cells into active osteoblasts
[22, 23]. Furthermore, TGB-promotes osteoclast apoptosis. The RANK-RANKL-OPG sig-
naling pathway [24] comprises expression of the recepttivator of nuclear factor kappa
B (RANK) on the surface of hematopoietic stem cells, and sdaz osteoprotegerin (OPG)
by osteoblasts. Binding of RANKL (the ligand of RANK, expsesl on osteoblast precursor
cells) to RANK (expressed on osteoclast precursor cells)deen identified as key mecha-
nism for promoting differentiation of osteoclast precurrsells into active osteoclasts. The de-
coy receptor molecule OPG (produced primarily by activeoslasts) competes with RANK
to bind to RANKL, and thus inhibits osteoclast differentiat Many systemic hormones are
known to affect bone remodeling. We consider only paratisfimtormone (PTH) in our model,
due to its crucial importance for RANK-RANKL-OPG system -iitreases the production
of RANKL and reduces the production of OPG.

Furthermore, bone cells do not only respond to biochemezallatory factors, but also



to mechanical stimuli. The response of osteoclasts andlsigts to the applied mechanical
loading is mediated by a third type of bone cells, osteocyidsch are able to effectively
sense and transduce mechanical stimuli [10]. We assumedgtexicytes are homogeneously
distributed across the extravascular bone matrix and thually experience the mechani-
cal environment to which the investigated volume of extsauar bone matrix is subjected.
Experiments suggest [25] that catabolic mechanoregulatesulting from disuse (i.e. the
mechanical loading is lower than “normal”), leads to upttatan of osteoclast differentia-
tion and thus to increased bone resorption. On the other, laradbolic mechanoregulation,
resulting from overuse (the mechanical loading is highantthormal”), leads to increase
proliferation of osteoblasts and thus increased bone ftomaDisuse-related mechanoregu-
lation is considered through a mechanically controllechtef RANKL-production, whereas
overuse-related mechanoregulation is implemented useghamically controlled prolifera-
tion of osteoblast precursor cells.

2.2. Governing equations

This section is devoted to briefly presenting the matherbktiwodel governing the
mechanisms described in the previous section and the aotsfbetween systems biology
and continuum micromechanics-based stiffness homogesmza

2.2.1 Bone cell dynamics

Essentially, our model is based on the notion of a repregeataolume element (RVE).
This implies that within an RVE bone remodeling togetherhwiite underlying (average)
biochemistry and the mechanical environment is assumed tmbform. Hence, spatial ef-
fects can be neglected and the first core module of our modna cell population model
(BCPM), providing the temporal evolutions of the concettras of osteoblast precursor cells
(Cos,), active osteoclast€lc,) and active osteoblast'gs,) during ongoing bone remodel-
ing, comprises a set of ordinary differential equations:

dC

d(;Bp = Yo8,Cop,Ta 1+ Po8,Cogylle,, — Zos,Cor, T, @
dC

d(ZBa = Yo,Cop, .1 — “op,CoB, » (2)
dC

d(tjca = gocpCOCpﬂ'a,R_ MOC@COQAW&T? (3)

for details see [4, 5] and references therein. In Egs. (1),— (3

e Cog,, Cos,, Cog, denote the concentrations of osteoblast progenitor casigoblast
precursor cells, and active osteoblasts, whefgasandCoc, denote the concentrations
of osteoclast precursor cells and active osteoclasts;

® YoB,, YoB,, andZoc, denote the differentiation rates of osteoblast progenitis, os-
teoblast precursors, and osteoclast precurséts, denotes the proliferation rate of os-



teoblast precursor cellsyos, and.o/oc, denote the apoptosis rates of active osteoblasts
and active osteoclasts;

e 7,1, andm, 1 are the activation and repression functions regulatingatgast differen-
tiation and osteoclast apoptosis by TGFwhereasr, r is the activation function regu-
lating osteoclast differentiation by the RANK-RANKL-OP@stem; the nomenclature
of these functions, ranging between= [0, 1], is to be understood as follows: the first
subscript defines whether the function is related to aatimgindex “a”) or repression
(index “r”) of a cell transformation (e.g. differentiatipmduced by the substance in-
dicated by the second letter in the subscript (“T” represdi@F+ and “R” represents
the RANK-RANKL-OPG system);

e anabolic mechanoregulation is considered via overusgeelfunctionll,, = [0, 1],
controlling proliferation of osteoblast precursor celisaafunction of the strain tensor
experienced by the extravascular bone matjy, and catabolic mechanoregulation
is realized via a disuse-related source term in the exmgnedsr the concentration of
RANKL; see Section 2.2.4 and [4] for details on the model iempéntation.

2.2.2 Quantification of the bone composition

We assume that bone is always composed of pore space andasktikar bone matrix,
i.e. the process of bone mineralization necessitating tmsideration of osteoid, the sub-
stance laid down by osteoblasts which is transformed td $alhe matrix after a few days, is,
for the time being, assumed to be negligible. The bone doiestis are quantified by means
of volume fractionsf;, with

fvas(t> + fbm(t) =1, (4)

where f,,s is the volume fraction of Haversian pore space, #ndis the volume fraction of
extravascular bone matrix. The action of active ostecgleatise increase of the volume frac-
tion of pore space and the action of active osteoblasts adem@ease of the volume fraction
of the extravascular bone matrix, reading in mathematerahs

dfvas
dt

with ks as the resorption rate quantifying the amount of bone resbbly active osteoclasts,
and withksm as the formation rate quantifying the how much bone matrfignsied by active

osteoblasts. Resorption and formation rates are consi@sreonstant properties, intrinsic to
the respective cells. Analogously, the evolution of theunod fraction of extravascular bone
matrix follows from bone resorption-related decrease, laowe formation-related increase.

l.e.
d
% - k?resC'OQ.1 - kformCOBa- (6)

- k’resCO(‘@ - kformCOBa ) (5)



2.2.3 Continuum micromechanics-based stiffness homogeaition

Continuum micromechanics provides a physically profoudd fior relating the volume
fractions of bone to corresponding mechanical proper86s27, 14, 15]. Within a represen-
tative volume element (RVE) of cortical bone whose charastie length is chosen such that
it is reasonably represented as two-phase material compdgmore space and extravascular
bone matrix, the anisotropic macroscopic stiffness tegswerning the elastic deformations
reads

Chon = fre, AT, (7)

with ¢, as the microscopic fourth-order stiffness tensors of ¢msttr, » = vas, bm, and
A®s'as the estimate of the corresponding fourth-order stramc@atration tensor, relating the
macroscopic and microscopic second-order strain tensb}sA®s'can be estimated based on
Eshelby’s classical matrix-inclusion problem [29, 30],rbgans of the Mori-Tanaka scheme
[31, 32],

—1
A1+ P (o e {Z fo [T+ PP™: (cy — com)] —1} , (8)

where index- denotes either of the three phases, and the summation alest drincludes
all of them,s = vas,bm. Furthermorel is the fourth-order unit tensor with the com-
ponents defined through the Kronecker deliga, = 1 for ¢ = j and zero otherwise, as
Lijr = 1/2(6ik6j + 0udjx), and PP is the fourth-order Hill-tensor of phaseembedded
in a matrix with stiffness:,,. For a detailed explanation how the Hill tensor of a cylindri
cal phase (such as Haversian pore space) is calculated33e84]. Numerical evaluation
of Egs. (7) and (8) requires knowledge of phase volume fsastand phase stiffness tensors.
The volume fractions follow from the bone cell populationdef see Section 2.2.2, whereas
the phase stiffness tensors are chosen in the line of [1T), the Haversian pore space as-
sumed as sealed and filled with water-like fluid (from a med@rpoint of view), and the
stiffness tensor of extravascular bone matrix being basdati® ultrasonics tests by [35], see
[17] for detalils.

2.2.4 Establishment of mechanoregulatory feedback mechams

We are left with definition of the mechanoregulatory funegdl,, , and P, .. To this
end, we assume that bolkh, andFPr_ ., are directly controlled by the strains experienced
by the extravascular bone matreg,,,. The macroscopic stress tensor acting on cortical bone,
Yo, IS related to the corresponding macroscopic strain tei&gg, via the macroscopic
stiffness tensor obtained from Eq. (7), through a lineastedaonstitutive law,

Ecort = (@2821)_1 : Ycort - 9)

As pointed out earlier the strain in the extravascular boagrimaffects the activity of the
osteocytes embedded in that matrix. Making use of the mi@stie model presented in the



previous sectiorgyy, can be mathematically related,,;, and, via Eq. (9) to a macroscopic
stress tensor, through
€pm = Ag?}g : Ecort - (10)

From a practical point of view, it is advantageous to exptieeshree-dimensional (3D)
strain state represented by, by a corresponding scalar quantity. From the several qgsnti
suggested in conventional approaches [36, 37, 38], we ettbesstrain energy density (SED)
as mechanoregulatory quantity. However, contrary to catweal approaches, we consider
the SED on the observation scale of extravascular bonexr(@there mechanosensing ac-
tually takes place), rather than on the macroscopic observacale of cortical bone. The
microscopic SED, experienced by the extravascular bonexmaads as

1

wsbm — isbm . Cpm - Ebm (11)

Not only the strain magnitude, but also other charactessif the mechanical loading exerted
onto bone have been identified as governing factors of mecdlaregulation, e.g. the rate
of the experienced strains, or the frequency of the appbeadihg [25, 39]. Strain rate and
loading frequency are subsequently considered as conghastthe strain magnitude is the
only mechanoregulatory quantity, governing both catabafhid anabolic bone remodeling
responses.

The anabolic mechanoregulatory functioh, , is defined as
H€bm = H€bmst |:1 —+ A <—webm _ 1):| s (12)
' webm,st

with we, . . as set point SED corresponding to balanced bone turnovéeadysstatell,,
denoting the steady-state valueldf, , and\ as parameter allowing for adjustment of the
proliferation rate. The bilinear functioH,, , is defined byA = 0 for w,,, < we,,, and

A > 0 otherwise. Mechanically induced production of RANKEg, .., iS assumed to be
only initiated by mechanical disuse, implying increasedéaoesorption.Fg, ., is defined
analogously tdl., , and reads as

PRieyn = K (1 — h) ; (13)

with « as a parameter allowing for adjustment of mechanically ¢sedusource of RANKL.
The bilinear function forPg,_ ., is defined byx = 0 for we,, > wy,,, andx > 0 otherwise.
For introduction ofFg ., in the mathematical framework given by Eqgs. (11) —(13) s¢e [5

3. Numerical studies: Mechanical disuse regimes

In the subsequently presented numerical study, the geme@dé¢| response to mechani-
cal disuse and reuse is investigated. The correspondingagions are based on the following



parameters: Ratiag,, , defining the ratio of osteoblast precursor proliferatiomifferenti-
ation at steady state, is setdg,,, = 0.1 (i.e. at steady state 10 % of the overall supply of
new osteoblast precursors, governed by Eq. (1), stems frohfigpation); parameters and

A, implemented for calibration of the mechanoresponsiveiekqgs. (12) and (13) are set to
= 10° pM/day and\ = 1.25, whileTl,, = 0.5; the vascular porosity at steady-state condi-
tions is set tof,as st= 0.05; the normal loading (although physiological loading sc@saare
expected to be of three-dimensional nature we considethtosake of simplicity, uniaxial
loading) is specified byi[};’{{‘;;" = —30MPaifij = 33 and zero otherwise, and a disuse load-
ing regime is simulated withidsi3s = —25 MPa for0 < ¢ < 2000d (after disuse the loading
is set back ta2}913 and the system is observed for further 3000 d); all otherrpaters are
chosen as calibrated in [4, 5] and are, for the sake of comessenot further elaborated in this
paper.

Evaluation of the coupled methodology presented in Se@icgveals, on the basis of
above defined parameters, a sudden drop of the experienceasoopic SED, correspond-
ing to the imposed disuse scenario, see Fig.1(a). This tilevikom steady-state loading
conditions (v, < we,,.) Provokes increased production of RANKL, governed by Eg)(1
leading to an increase of the concentration of active ofdstsc(relative to the concentra-
tion of active osteoblasts), thi€'oc,/Coc,st) > (Cog,/Cos,st), S€e Fig. 1(b). Obviously,
this alteration of the cell concentrations entails inceealsone resorption, and consequently
an increase of the volume fraction of vascular pore spa@ithr Eq. (5), see Fig. 1(c). An
increasing porosity of the RVE is accompanied by a corredipgnweakening of the RVE,
i.e. the macroscopic stiffness increases, and given teatrésscribed macroscopic loading is
assumed to be constant, the deformations increase, aneésargomicroscopic SED, as gov-
erned by Egs. (11) and (12). Over time, the coupled modelerges to a new, disuse-related
steady-state, with equilibrated bone turnover. This ioled after~ 1000 d, indicated by a
subsequently constant volume fraction of vascular poreesgsee the black graph in Fig. 1(c),
by an equilibrated SEDuf.,,, = w.,,.), see Fig. 1(a), which results in setting the disuse-
related additional production of RANKL back to zero. Consexwtly, the cell concentrations
return to the original level relating to the steady-statg/C; « = 1), see Fig. 1(b).

Returning to the original macroscopic loadtat 2000d, X33 = zgg;g;g' implies a
sudden increase of the deformation of the RVE, due to whielptbliferation of osteoblast
precursors is increased via Eq. (12). Increased ostegiial#feration is maintained until the
original steady-state is reached (occurs gt 5000 days). The results indicated by the black
graphs in Fig. 1 clearly resemble, at least qualitativélg, tnechanoregulatory behavior ob-
served experimentally for bone subjected to disuse sa)amompare e.g. the investigations
of Vico and co-workers during and after space flight [40, 4d]essence, exposure to micro-
gravity, accompanied by reduced loading to which bone igestid, leads to adaption of the
bone mass towards a new equilibrium after a certain periddred. When subjected again
to terrestrial gravity, bone responses by recovering,byeadjusting its mass to the original
level. This behavior, as interpreted in terms of correspunaolume fractions of the bone
constituents, is predicted by the above described sinomatiee Fig. 1.
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Figure 1. Numerical results for a disuse-scenario, charaetd byXcotss = Loniss =

—25MPa for0 < ¢ < 2000d, and byXcorss = Sionsg = —30 MPa for¢ > 2000 d: evolutions

of (a) microscopic SEDu,,,, normalized with respect to,, ., (b) bone cell concentrations

C;, normalized with respect to the steady-state cell conagatrsC; s, and (c) vascular poros-

ity fvasfor kes = 200 pM~tday ! (black graph) and,.s = 500 pM—! day! (grey graph)



The results, as compared with experimental results, furtbee underline in striking
fashion that species-dependent calibration of the modetusial. E.g. measurements on
the bone mineral density (BMD) carried out on cosmonautsr &ftsix month-exposure to
microgravity [41] show that the BMD of cortical bone decresidy not more tha@.5% (in
the distal radius) and b¥.3% (in the distal tibia), respectively. In other words, the rage
rate of bone loss amounted @012% /month (distal radius) and.72% /month (distal tibia),
respectively. The bone loss rate revealed by the compuottiimulations().48%/month, see
the black graph in Fig. 1(c), fits well to the experimentalbtained range. Investigating the
disuse behavior of other species, quite different numbersbtained — e.g. rats show much
higher rates of bone loss as exposed to microgravity. Skeggpdanations are conceivable,
e.g. that the resorption activity of active osteoblastsis is increased compared to humans.
To study the relevance of this explanation, a second distushy is carried out, with the
resorption rate being multiplied by factor 2.5, i.Bes = 500 (oM day)t. The grey graph
in Fig. 1(c) shows that increasing the resorption rate leéadkstinctive acceleration of bone
resorption, i.e. adaption to the new loading regime is amhedl much earlier. l.e. the response
of the presented model can be adjusted to different spdmigslso to different bone tissues),
by reasonable adjustment of the underlying parameters.

4. Conclusions

For the first time, the model proposed here provides bioghligireasonable estimates
of the stiffness changes in cortical bone, governed by biatthemical and biomechanics fac-
tors. This was achieved through coupling of a bone cell patpart model with a microelastic
model of bone stiffness, through a feedback loop implentepte the basis of the micro-
scopic strain energy density which is experienced on therghton scale of extravascular
bone matrix, controlling both anabolic and catabolic ba@maadeling responses.

For demonstration of the capability of the approach, a meichbloading regime com-
prising mechanical disuse and reuse (as experienced isfight scenarios). It was revealed
that the model soundly reproduces, at least qualitatiy#lysiologically observed features,
such as fast loss of bone because of unloading, and slowaseref bone mass after ex-
posing the bone to normal mechanical loading. These outsaie numerical study pre-
sented in the previous section show that the proposed agpoagtures important features of
mechanoregulation of bone remodeling.

To improve the model, in future studies, we will focus on adaesation of mechanoreg-
ulation in mechanistic fashion, through explicit introtioa of the actions of osteocytes and
the signaling pathways by which osteocytes are able to tdosteoclasts and osteoblasts.
This will allow us to further validate the model and evenlyaitilize it as interpretative and
predictive tool.
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