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Abstract. The use of piezoelectric energy harvesting devices to power sensor networks and
electronic equipment has become popular research topic. For practical use of the energy
converted by these transducers conversion of the alternating current (AC) produced to direct
current (DC) is generally required. This is normally done by using rectifier circuits. One
important issue to overcome is to be able to design a device able to produce the highest
power possible. To optimize the coupled mechanical-electrical system a coupled model is
required, including the beam structure, piezoelectric element and rectifier circuit, using the
same computational software. Thus, for a specific level of mechanical vibration, the maximum
power harvested can be obtained by numerical optimization of the beam and piezoelectric
geometry and parameters of resistive load, capacitive filter and diodes. All smulations are
carried out using Matlab and the optimization is carried out by a sequential quadratic
program (SQP) method. The results show which characteristics are important to consider and
to modify in order to improve the performance of the power harvesting device.
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1. INTRODUCTION

In the last twenty years or so, many researchers have been concerned with the
development of devices that could increase the lifespan of batteries, as well as reducing the
battery replacement rate, by using a process to transform vibration into electrical energy,
called energy harvesting. The reduction of energy requirements of some low-powered
electronic devices has brought this closer to real applications, especially using piezoelectric
materials in energy harvesters, causing a substantial increase in the number of published
papers in this area, for example [9,13,15,17,18].

These energy harvesting devices are, in essence, a base structure to which
piezoelectric materials (usually PZT ceramics) are attached, for the purposes of generating
electrical energy. An electrical circuit then converts the current from alternating current (AC)



to direct current (DC). Several models have bessduo predict the amount of power that
these energy harvesters can generate and how rhitcbao be extracted/stored. Models for
the mechanical behavior range from lumped paramstegle-degree-of-freedom (SDOF)
models [13], to distributed parameters models viRtlyleigh-Ritz [16] and finite element
approximations [1]. Such papers generally aim st the harvester characteristics that lead
to the maximum power generation while the energydpced is dissipated by a resistor,
which represents the electrical load. However,@ctical use of the energy generated by
these transducers, the AC produced is generallyerted to DC using rectifier circuits.
Lallart and Guyomar [10], Guan and Liao [5] andn@h et al. [11] are a few authors that
have modeled advanced harvester circuits (e.g.f8gnzed Switch Harvesting on Inductor
(SSHI) circuits and rectifier bridges connected RC/DC converters), and used
supercapacitors or rechargeable batteries as stdegces.

Recently, researchers have concentrated theiteiorcoupled models i.e., models in
which the interaction between both the mechanid¢alcgire and electronic circuit is
considered. However, many of these models usuatiplgy either the mechanical domain,
considering a SDOF spring-mass-damper models anadgnt circuit techniques [2,3,20],
or the electrical domain, using a single resistordpresent the external load. Such models
may not correspond to reality. To achieve maximwwer generation, several authors have
sought the optimal values of structural paramdtrsas well as those related to the electrical
circuits [19]. The mechanical parts and the eleatrparts of the energy harvesting device are
usually modeled in different software packages mhay not be compatible. Consequently, the
optimization process, which is a very importantgetain the design process, can be
compromised.

In this paper, the mechanical and electrical pafrthe system are modeled using the
same software package, which enables the systebe toptimized so that the maximum
power can be harvested. All the simulations ardaexhout using Matlab and the optimization
process is carried out using a sequential quadpatigram (SQP). The paper is organized as
follows. Section 2 presents the piezoelectric heteredevice and harvesting circuit models.
Section 3 describes in detail the optimization fgob The results are presented in Section 4,
which is followed by some conclusions in Section 5.

2.MODEL OF THE PIEZOELECTRIC HARVESTING DEVICE COUPLED WITH
THE ENERGY EXTRACTION CIRCUIT

The electro-mechanical generating device consisésaantilever beam to which two
piezoelectric elements are attached. It is showkign(1), wherel,, and L are the length of
the beam and Piezoelectric elements, respectitglgndt, are their respective thicknesses;
w is the width of both elementd;, is the distance between the piezoelectric elemamds
the clamped end; the subscrifiteind 2 stand for the upper and lower piezoelectric elésen
respectively.

The model is based on that proposed by Sodano. ¢L&| which has been used
frequently due to its complete formulation that @eus for multiple modes. This paper
highlights only the main points of their work, séna detailed description of the model can be



found in [16]. The model is developed using Hanmbovariational principle with the piezoe-
lectric linear properties, while some additionaswaaptions are made. First, Euler-Bernoulli
beam theory is considered, which means the modknited to a system with small dis-
placements and strain, and linear behavior. Seabmsl,assumed that the piezoelectric ele-
ments are perfectly bonded to the surface of tleenbe@nd the electric voltag4t) produced

is constant over the thickness of the piezoeleetaments.
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Figure 1. Schematic of the beam of the energy stingedevice with two piezoelectric patch-
es attached.

The piezoelectric behavior is described by [8]:
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WhereT is the stress tens§N/m?], S is the strain tensdm/m], E is the electric
field [N/C], D is the electric displacemef€/m’], ct is the modulus of elasticity at a con-
stant electric fieldN/m?], € is the dielectric constants matrix at constarsistande is the
piezoelectric coupling coefficient, that relates #iress to the applied electric field. General-
ly, the piezoelectric constartt=— is used in the modeling, since this property igally
provided by manufacturers.

Once the piezoelectric properties are known anid #ffects are considered using Ham-
ilton's principle, the next step involves solvirg tresulting equation. However, as the beam
is a continuous system, finding a solution to serning equation requires the use of an ap-
proximate method. A common approach to this is ¢e theRayleigh-Ritz method, which
states that the displacement of the system caapresented by the sum of a finite number of
modesh, each with mode-shap®, (X). Hence, the equation of motion for the beam with t
piezoelectric elements attached is given by [648}4,1

(M +M, )i @) +Cr(t) +(K +K, )r(t) +©v(t) = F(1) 2)
—O'r (t) +C,v(t) = —q(b). 3

whereM and K are the mass and stiffness matrices, respecti&lis the damping matrix,
assumed to be proportional to mass and stiffnesthéyconstantsr and 3, respectively;
® =0'is the electromechanical coupling matrik; is the piezoelectric capacitance; the



subscriptss and p represent the structural and piezoelectric elespeaspectivelyy (t) is

the displacementg(t) is the electric charge. The dot over the varialigy, q(t) andr(t)
stand for the time derivatives, whegé) is the electric currenit) . As shown in Fig. (1), the
beam is subjected to an input displacement atale bf the beam. This can be approximately
represented by a force at the tip of the beamngye

F(t) = jv pAF sin(at)dV = F, singd ) (4)

where F, :'[V ,ObAode is the force amplitudey is the excitation frequency is the ampli-
tude of the displacement at the base of the b&ams,the volume angb, is the density of the
beam. The force (t) is calculated assuming only the mass of the béamneglecting the
mass of the piezoelectric elements.

Equations (2) and (3) can only represent aPealer Harvesting system, if the connec-
tion between the piezoelectric beam and the rectdircuit is taken into account. Figure (2)
illustrates this connection, where a full wave @idatidge rectifier circuit is considered, with
a capacitive filtetC_ and a resistive loa& that represents the external load.

Lpzr = Leircuit
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Figure 2. Schematic diagram of the coupling betwberpiezoelectric harvester and the full
wave diode bridge rectifiers.

According to Rupp et al. [14], these two systemy & coupled assuming a continuity
condition between the current/voltage of the medsmand electrical domains, which means
that Ve = Vezr @nd ige; =ipz7- IN addition, in eq. (3)y(t) represents the current passing
through the rectifier circuit and, consequenthede back the piezoelectric element. The di-
odes used in the circuit can be described by aivalgat resistancd?, and a forward volt-
age dropv,, , since a piecewise linear model is used. Thus,tduke capacitive element, if
|v(t) k 27,4 +v, t), no current flows and/ (t) is the voltage across the load. In this case,
i(t)=0 and Vv (t) decreases while the capacitor supplies the resistiad according the
equation:

’ vi@® _
Cv () +---2=0. 5
v () R (5)

When v(t) = 2v,, +v,_ (t), the currenti(t) that flows through the diodeld, and D, be-
comes:



it) = v(t) _V|_F§:) —2Vyy . ©6)

Hence, the voltage across the load is now deschiped

1 v(t) —2v
C vL(t)+(—+—j v (=22 (7)
R 2R 2R,
Likewise in this case, whenv(t) = 2v,, +v, (t), for the negative half cycle, the current
flowing through the diode®, and D, is:

) V(t) +v (1) +2v,
t) = 8
i(t) R 8)

Hence, the voltag®, (t) across the load is described by

1 v(t) +2vy,
CU )+ o+ v () = . 9)
R 2R, 2R,
The egs. (5) to (9) represent the full wave dioddde rectifier circuit in terms of the
variablesv(t), i(t) and v, (t), where the latter can be used to obtain the pbaprested. In
this paper, the root mean square of the polgris used and is calculated by

p_=-ms (10)

wherev,, . =./V, (t)z/tf andt; is the time over which the calculation is made.
A convenient way to describe the complete elestezhanical model of the energy
harvesting device is to use a state-space moda&hvidgiven by

X=Ax+B,u,+B,u, (11)
y=Cx+Du, +D.u, (12)

wherex ={r(f) () WY}' is the state vector ang andu, are the inputs of the system.
The dynamic matrixA , the input matriB, the output matrixC, and the direct transmission
matrix D are given by:

Onxn I nxn 0n><1 0n><1 On><1
A=[-MK -M7C -M7®@|, B,=|MF|, B,=|0,,
0, C' 0 0 o (13)
len len 1
C,= , D,=0, D,=0
® 0, O



where @ ={®(X DX ---D (R} is the vector of mode-shapes used to approxiniete t
transversal displacemanx,t), O is the zero matrix andl is the identity matrix. The output
matrix C, gives the output of the electromechanical sysyer{\(t) W x1t) uxt}". The
input vector is defined by, =sin(at) and u, =-((t), whereu, must be multiplied by, to
produce the applied external force. The feedbacdientiu, is negative because of the energy
extraction effect, which is why the variable on tight-hand side of eq. (3) has a negative
sign. With the system represented as a spaceratatel, it is possible to perform an optimi-
zation of the complete system. All simulations eaeried out within Matlab, where the state-
space and the rectifier circuit models are imple@@msing the Simulink toolbox.

3. OPTIMIZATION THE ENERGY HARVESTER

The goal of this paper is to maximize the powk generated by the piezoelectric har-
vester using the Sequential Quadratic Programna@@P) optimization method. To achieve
this, the objective function which was the inveo$eP, . is minimized. The optimization pa-
rameters considered are the length of the belgh gnd piezoelectric elementg (), the re-
sistive load R ), the capacitor@,_) and the diodes parametdfs and Vv, .

As the capacitor included in the rectifier cirasirequired to store the energy harvested,
this energy must be maximized, and is another remént that must be taken into account.
Thus, the energy stored in the capacitor given by

1
B =50 (14)

must also be considered as an objective functiemch, the constrained minimization prob-
lem can be written as:

Minimize f (x) =i andh ¢, C )=é (15)
where the vector of variables to be optimized is
x={L, L, R C. Ry Vg (16)
subject to the constraints:
g,(x): "> L, > 1™ g, L= L, = L™
g:(X):R™=R >R™ g9.(x):C™>C >C™ (17)

g5(X): R[Tn 2R, 2 R™ 9s(X) :V?;in 2V 2 Vg

The optimization parameters are thus each redlrict@ range of feasible values.



4. RESULTS

The optimization procedure was applied to the systéscussed under harmonic base
excitation. Table (1) gives the dimensions and erogs of the model electromechanical sys-
tem. The simulations were carried out considermgy fmode shapesN =4) of the beam,
with f = w/(277)=70 Hz as the excitation frequency ad=1.53x10" m as the displace-
ment amplitude. Such parameters &nd A) were chosen to represent real operation condi-
tions, since the piezoelectric harvester are ugpddiced in locations containing these charac-
teristics. The optimization results are shown ig. k8) and Tab. (2), where the initial condi-
tions and the constraints used in the proceduralacepresented.

Table 1. Parameters of the piezoelectric harvesoetel.

Domain Parameters Values
Thickness t,) 0.91 mm
Width (w) 21 mm
Structural element Density (9,) 2700 kg/m3
Modulus of elasticity E,) 70 Gpa
Material Aluminum
Thickness () 0.191 mm
Density (0,) 7750 kg/ms3
. . Modulus of elasticity E,) 60.60 Gpa
Piezoelectric element Model P7T.5H
Dielectric constanti{,;) 3400

Piezoelectric constantl{,) 274x 10" m/V

Scaled parameters are shown in Fig. (3) because ntagnitudes are very different.
The parameters were scaled according}o=1x10° F, R =1x10 Q, L, =L =2x10° m
, R, =5Q, v,, =1x10° V. The results in Tab. (2) show the optimized resatt well as the
ranges considered in the search for the optimuanpeaters

Table 2. Results of the optimization procedure.
Configur ation

Parameters  Lower Bound Upper Bound

Initial Optimal
C. [F] 1x107° 1x107° 0.17x10° 0.201x10°°
R [Q] 1x107° 1x10° 15x10 62.52x 16
L, [m] 50x10° 150x10°° 53x10° 66.4x 10°
L, [m] 50x10° 150x10°° 127.5¢10° 130.2x10°°
R, [Q] 50 500 280 280.6¢
v, [V] 30x10° 100x10°° 50x10° 48.4x 10°

Power RMS [W] - - 88.04x 10° 92.95x 10°
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Figure 3. Evolution of the scaled optimization paeters in the optimization procedure
iterations.

It can be seen from Fig. (3) that the design patare@each their optimum values after
about 20 iterations. Further, it can be seen frab. T3) that the rms value of the power har-
vested was increased from the initial design byuabd3%. For some parameters, the optimal
values differ little from the chosen initial condit, suggesting that the optimization algo-
rithm may not have sought the optimal solution tigto the whole domain.

This could be because tisemulink Design Optimization tool does not assure a global
optimal solution, or it could be that the initiadlues were quite close to the optimal values.
Comparing the optimal configuration to a similarepmith the same values but settify
andv,, to 65Q and38x10° V, respectively, it could be seen that the solutonot really
the global maximum.

Figure (5) presents the way in which the valuethefdesign parameters and the excita-
tion frequency affect the power harvested. Exangjrims figure it can be seen that all opti-
mal values remains inside a region where the pasweraximum, i.e. around 70 Hz. Since the
length of the beam greatly influences the natussjdency of the system, the maximum pow-
er varies dramatically with the length, as candmnsn Fig. (5(b)). The optimal values of the
electrical parameters also occur around the eiaitdtequency. Figures (5(c)) and (5(d))
show thatC, and R , have a large effect on the amount of power thatlwe harvested and
are thus important to consider in the optimizafioocess.

5. CONCLUSIONS

The use of piezoelectric devices to harvest vibraénergy has been considered in this
paper. A unified model of a beam with piezoeleciements attached connected to a full
wave diode bridge rectifier circuit has been depeth This coupled electro-mechanical mod-
el has enabled the power harvested to be maxintgexptimizing both mechanical and elec-



trical parameters. Despite the fact that the og@tion tool does not assure a global maxi-
mum solution, the results showed that when the alisdrepresented as a linear equivalent
model, its characteristics do not cause large admug the power harvested. However, the
mechanical parameters are important to ensurdfibatatural frequency of the beam is coin-
cident with the excitation frequency. It was alémwsn that the values of capacitor and the
load resistor in the electrical circuit are alstaNy important in an optimally designed power

harvester.
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