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Abstract. Although still present in the popular imagination, the idea that the Brazilian terri-
tory is devoid of earthquakes and tradition that structures designed in this region do not re-
quire special considerations on this phenomenon are losing strength. Standards for the seis-
mic design of structures were recently developed and reports of seismic phenomena in the 
country are not rare. The Brazilian seismic activity is low but not non-existent. Earthquakes 
of significant magnitudes have been recorded and seismic history of this region is still little 
known.  Greater understandings of seismology, the availability of new records of earthquakes 
and seismic observations of the behavior of structures have shown that a strong earthquake 
could induce a significant dynamic amplification, capable of possible structural damage in 
concrete dams. The evaluation of seismic safety of dams is a growing concern, because acci-
dents involving this type of structure have catastrophic consequences, with human and ma-
terial losses. This paper provides contributions to an analytical-numerical study on the dam-
reservoir interaction problem. The separation of variables method is employed in the closed 
form solution of the bidimensional Laplace equation over rectangular domains, assuming an 
infinite reservoir in the longitudinal direction. On a next step, having the analytical expres-
sions as a reference, a finite difference scheme is employed in non-rectangular domains, us-
ing the commercial software Excel. These solutions are readily applied in the investigation of 
hydrodynamic pressures for non-vertical dam-reservoir interface as well as inclined reservoir 
bottom. For these particular cases, where there is no analytical solution, parametric studies 
were made, providing simplified expressions and design abacuses. The proposed expressions 
can be readily applied in practical analysis of dam-reservoir interaction problems. 
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1. INTRODUCTION 

In the current economic scenario, in which Brazil has a prominent role, it is important 
not only to promote the works of infrastructure, but also the modernization and upgrading of 
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design procedures towards new realities of project. The seismic effect, contrary to what one 
might imagine, exerts important influence on major constructions such as dams and its con-
sideration has been taking importance with the emergence of specific standards for earth-
quake-resistant designs [1]. Therefore, the need for studies on the influence exerted by dy-
namic effects arises as an important analysis case, with a particular field concerned specifical-
ly with the study of hydrodynamic pressures. There are classical studies which concern the 
analytical evaluation of the dam-reservoir interaction, like Westergaard [2] and Chopra [3]. In 
Brazil, related studies began to appear more recently, like the work of Silva [4], Ribeiro [5-6], 
Ribeiro et al [7], among others. The results obtained in studies cited above do not, however, 
consider the inclination of the reservoir or the inclination of the upstream slope and its corres-
ponding effects on the hydrodynamic pressures. Except for a few foreign articles, [8] and [9], 
nothing has been done in this area domestically. Thus, due to its obvious practical importance 
and the lack of literature in the area, this study proposes a methodology that analyzes the in-
fluence of such factors on the distribution of hydrodynamic pressures in the reservoir for non-
rectangular domains using a finite difference scheme as a basis.  

2. ANALYTICAL DEVELOPMENT OF THE GOVERNING EQUATION , BOUN-
DARY CONDITIONS AND EXACT SOLUTION.  

2.1. Analytical development of the governing equation   

The study of phenomena related to the propagation of waves in a continuous elastic 
medium is based on the wave equation. This equation can be obtained through the equations 
governing the behavior of the fluids. They are: 
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Considering the fluid as compressible and ideal, the Navier-Stokes equation reduces to 
the Euler equation: 



 
 

    ρ

�


�
 + grad(p) = 0  (4) 

Differentiating equation (3) and substituting into equation (1), provides: 
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 (5) 

Applying the divergence in equation (4) and replacing the result in equation (5) yields 
the following equation: 

     ��� = 
�
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 �	 (6) 

Equation (6) is exactly the Wave Equation, which estimates the distribution of fluid 
pressures in a linearly compressible, homogeneous, with small variations in density and small 
displacements. It should be noted that in equation (6) the operator 
� is the three-dimensional 
Laplacian given by �� = 
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In the case of an incompressible fluid, where the volumetric stiffness becomes infinite-
ly large and therefore, c � ∞, equation (6) reduces to the following expression: 

     ��� =0 (7) 

Equation (7) is known as Laplace's Equation, related to the pressure field in an incom-
pressible fluid and will be applied throughout this paper.  

2.2. Development of boundary conditions  

Having the equations that govern the distribution of hydrodynamic pressures in a fluid, 
the next step is given by the development of boundary conditions governing the problem. 
 

-  Fluid-Structure Interface:  

Arises due to the compatibility between the movement of the adjacent structure and 
the contained fluid. Consider Figure 1, which indicates a one-dimensional tube associated 
with a piston. The movement of the structure��� occurs along the axis x and pressure along a 
cross-section is constant. 

 

 
Figure 1. Schematic representation of fluid-structure condition  

The dynamic equilibrium of horizontal forces on the fluid element hatched provides: 



 
 

     ∑ �� � ��      �       ��� �� � �� �� �� �� (8) 

 

where �� indicates the density of the fluid. This last equation results in: 
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� ����� (9) 

which may be extended, resulting in a boundary condition, fluid-structure: 

     
��

����
� �������  (10) 

where ��� is the normal direction of the surface. 

 
-  Rigid wall condition (Neumann condition):  

The dynamic equilibrium of horizontal forces on the hatched fluid element provides: 

     ∑ �� � ��      �       ��� �� � �� �� �� ��  (11) 

where �� indicates the density of the fluid. For a rigid contour the term �� vanishes, since the 
contour is rigid. With this last comment Equation (9) is reduced to: 

     
��

��
� 0 (12) 

which may be substituted in (11), resulting in the boundary condition of the rigid wall: 

     
��

����
� 0 (13) 

Where ��� is the normal direction of the surface. 

-  Free surface condition (Dirichlet condition):  

At the free surface the domain is taken as undisturbed (neglecting free-surface waves ef-
fect), therefore we have p = 0. 

-  Infinite reservoir condition:  

Radiation condition is considered, in a simplified manner, with zero hydrodynamic 
pressure at the reservoir limits, which extends to an infinite length.  

2.3. Exact analytical solution for a vertical upstream face with rectangular reservoir 

With the governing equation and boundary conditions of the problem defined, the next 
step is given by construction of the exact solution. The problem is simplified significantly with 
the assumptions of a rigid dam (leading to a constant acceleration along the fluid-structure in-



 
 

terface) and an incompressible fluid, and that is generally a first step solution in the analysis of 
dam-reservoir interaction (being basic hypotheses of the Pseudo-Static Method). Figure 2 pro-
vides a depiction of the analyzed rectangular domain including the prescribed boundary condi-
tions. 

 
 
 
 

   
 
 
 
 

Figure 2. Analyzed rectangular domain and boundary conditions  

The governing equation is given by Equation (14): 

     ��� = 0 (14) 

with ��, !� � "��#!� assumed as separable. Therefore, boundary conditions on each di-
rection are uncoupled, resulting in:  

           S1:  px(x,y) = - ρu� for x = 0  (15) 

     S2: py(x,y) = 0 for y = 0 (16) 

       S3 : p(x,y) = 0 for x � ∞ (17) 

     S4 : p(x,y) = 0 for y = H (18) 

with H standing for the reservoir height, which is assumed as equal to the dam´s vertical di-
mension, and u� defining the horizontal acceleration of the monolith, assumed as constant 
along the dam´s height.  

Using the method of separation of variables to find the expression p (x, y) for the giv-
en boundary conditions it is assumed a solution as follows:  

     ��, !� � "��#!�  (19) 

which can be substituted in (14), leading to the following ordinary differential equations:  

     X’’ - λX = 0  (20) 

     Y’’+ λY = 0  (21) 

Making up λ = µ2, from (21) results:  
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     Y(y) = A sen(µy) + B cos(µy)  (22) 

with A and B standing for arbitrary constants. From boundary conditions at S2 and S4 the 
final solution in y direction is defined by: 

     Yn(y) = Bncos(µy) = Bncos&2n � 1� �

�

�

�
*    (23) 

with n=1,2,3,… given by a positive integer. 

The same procedure is reproduced in horizontal direction, x, leading to:  

     X(x) = Ceµ� + De�µ� (24) 

From p(x,y) = 0 for x � ∞ (condition at S3): 

     Ceµ∞ + De�µ∞ = 0 � C = 0 (25) 

Therefore, the final solution in x direction is defined by: 

     Xn(x) = Dne�µ� = Dne�� �! � �#
π

��
�$ (26) 

Substituting (23) and (26) in equation (19) and considering the Superposition Theo-
rem, which states that the sum of the solutions of a differential equation is also solution of this 
differential equation: 

     pn(x,y) = ∑ K!
∞

!%� e�µ��cos µ
!

y� (27) 

with K! standing for a remaining arbitrary constant. Boundary condition at S1 provides the 
value of this last term and the corresponding final solution is given by:  

     p(x,y) = 2 ρu�H∑  ��#���

µ�
�

∞

!%� e�µ�

	

�cos µ
!

&

'
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which provides the hydrodynamic pressure field in an infinite acoustic cavity of height H, 
subjected to a rigid wall uniform acceleration u� at S1. At this particular position, with � � 0, 
the hydrodynamic pressure at the fluid-structure interface is given by: 

     p(0,y) = 2 ρu�H∑  ��#���

(�

�

)
!%� cos μ!

&

'
� (29) 

By representing the solution by means of functions of each independent variable, there 
is a limitation in solving irregular geometries by means of the separation of variables method, 
since this procedure is limited to rectangular domains. Therefore, obtaining the hydrodynamic 
pressure field in cases where the boundaries are irregular is only possible by means of numer-
ical methods. It is evident that practical cases may involve slopping upstream faces, slopping 
reservoir bottom, or even a combination of both. To overcome this problem an outline is pro-
posed using a fictitious boundary at S1. In other words, an extra term is introduced in the 
formulations (123 4), providing a slopping upstream face, even though this is taken as vertical 



 
 

for the application of a standard separation of variables method. Figure 3 explains the pro-
posed scheme. 

            
Figure 3. Outline for simplified solution of irregular domains (fictitious boundary) 

 
Therefore, the new boundary condition at S1 using the fictitious boundary is given by:  

     

�


�
� ���� cos 4 (30) 

Using (30) the proposed expression for a slopping upstream face is defined by (31). 
For 4 � 0 this latter expression is reduced to (28), resulting in the classical case of a vertical 
dam.   

     p(x,y) = 52ρu�H ∑  ��#���

µ�
�

∞

!%� e�µ�

	

�cos µ
!

&

'
�7 · cos 4 (31) 

3. NUMERICAL APPROACH TO THE PROBLEM  

Given the limitations of the method of separation of variables and the practical impor-
tance of considering both the slopes in the upstream face and reservoir bottom, a numerical 
analysis of the problem is studied, aiming to verify the influence of such changes in the distri-
bution of hydrodynamic pressures. 

For this purpose, a finite difference method is applied, approximating the differential 
equation at discrete points.  A short explanation about the method is discussed below. Consid-
er the diagram in Figure4. 

Being "h" the differential step in "x" axis, approaching the derivative dy / dx at point 
"A" as follows: 
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Figure 4. Finite difference scheme 

The following is the operator of a second order derivative at the same point: 
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���
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+
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 (33) 

Applying these concepts to the Laplace equation and generalizing them to the "y" axis, 
we obtain the following expression: 
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� 0 �  ����,�� ���,�, ����,�

+�
;  ��,���� ���,�, ��,���

-�
� 0 (34) 

Being "h" the step in the axis "x" and "k" the step in "y" axis. Solving the above ex-
pression for �*,/, we have: 

     �*,/ �  -� ����,�,����,�#, +� ��,���,��,���#

� +�,-�#
 (35) 

3.1. Mesh example, boundary conditions and linear equations  

Consider the acoustic cavity and the following finite difference mesh, shown on Fig-
ure 5. Because the domain is rectangular, for convenience, we take h = k. It should be noted 
that in this way, the value of �*,/ is the arithmetic mean values of the four neighbors. 
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Figure 5. Finite difference mesh (Laplace equation – acoustic cavity) 
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To point "34" application of the finite difference operator results in: 

��0 �  ��1  ;  ���  ;  �00  ;  ��0

4  

 

Application to point "21" provides: 

 

��� �  ���  ;  ��2  ;  ���  ;  ���

4  

It should be noted, however, that the point "20" is not defined in the problem. This 
point is called "dummy point" and, through the boundary condition of fluid-structure, it can 
arise in terms of a real component. 

Condition 

�


�
 = ���� at S1 provides: 

��� �  ��2

= �  � ���  � ��2 �  ��� ;  2���= 

The same procedure can be applied to other points. For those points located at the bot-
tom of the reservoir, proceed analogously. 

Application of the differential operator to point"55" gives: 

�11 �  �13  ;  �10  ;  �01  ;  �31

4  

Point "65" is not defined and therefore can be obtained by reference to a real compo-
nent through the rigid wall condition. 

From the condition 

�


�
 = 0 at S2: 

 �01 �  �31

= �  0 � �31 �  �01 

In short, operators must be applied to the points in the diagram in Figure 6.  
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Figure 6. Finite difference mesh including only reference (internal) points 



 
 

From what has been said, it can be noticed that the solution through the finite differ-
ence method involves obtaining a system of linear equations, the unknowns being the pres-
sures at each point of the reservoir. The differential operator, as shown in Equation (35), is 
applied only to reference (internal) points. The remaining points at the boundary are related to 
the interior mesh by means of boundary conditions at S1-S4. The size of such a system is giv-
en by the product m x n, where "m" and "n" are respectively the number of rows and columns 
of the grid chosen to discretize the domain. 

3.2. Step-by-step solution of a finite difference scheme using Microsoft Excel   

Through this article an iterative routine is proposed, simplifying significantly the prob-
lem since, by such approach, there is the no need to solve a system of linear equations. The 
proposed method consists in setting up an Excel spreadsheet, and the completion of this 
worksheet consists of the following steps: 

1. Fill the boundary conditions at the ends of the field; 

2. Enable iterative calculation option; 

3. Set Maximum Number of Iterations and Maximum Change; 

4. Fill in an internal cell as an average of four neighboring cells (differential operator); 

5. "Drag" the cell filled for the remaining internal domain. 

Upon completing the above steps, the program will process the iterations according to 
the increment chosen in step (3) and, after completion of the iterative process, the pressure 
value at each point is displayed in the respective cell. It is evident that best results are 
achieved with an increment of rows and columns. However, such operation implies in more 
computational cost. An example of the foregoing is shown below using a 10 x 10 mesh. 

Step 1 
 
 
- Fluid-structure boundary condition: 

By analyzing the points of the fictitious fluid-structure interface, it can be seen that 
these are functions of real components of the internal domain. With the first being given by 
the following law, which describes de fluid-structure boundary condition: 

 
�*,/ �  �*,/,� ;  2���= 

 

The value of 2���= is constant and, for our analysis, the term ���= was taken as being equal to 
a unity value. Thus: 



 
 

�*,/ �  �*,/,� ; 2 
 

The filling of the cells in fluid-structure boundary is illustrated on Figure 7. 

 

 
 

Figure 7. Fluid-structure boundary condition on Microsoft Excel 
 
- Rigid wall boundary condition: 

By analyzing the points on the fictitious fluid-structure interface, it can be seen that 
these are also functions of the internal domain. These being given by the following law: 

 
�*,/ �  �*��,/ 

The filling of the cell contour for a rigid wall boundary is shown on Figure 8. 

 
 

Figure 8. Rigid wall boundary condition on Microsoft Excel 

- Free surface and infinite reservoir boundary conditions: 

In both cases cells are simply filled with zero. For the discretization chosen including 
all boundary conditions, the final scheme is shown on Figure 9. 



 
 

 
 

Figure 9. Final scheme including all boundary conditions (Step 1) 

It should be noted that as the cells of the internal domain were not filled, the condi-
tions of fluid-structure and rigid wall were arbitrated by the program to be zero and two, re-
spectively. 

Steps 2 and 3 

Enabling iterative calculation can be made as follows: 

EXCEL OPTIONS> FORMULAS> ENABLE ITERATIVE CALCULATION> SELECT 
MAXIMUM NUMBER OF ITERATIONS AND CHANGES 

This is a critical step, because without it Excel displays an error related to circular ref-
erences. The maximum number of iterations and changes can be chosen according to the de-
sired accuracy by the user and determines also the processing time required. 

Step 4  

Figure 10 indicates an application example of the differential operator to the internal 
domain. 

 
 

Figure 10. Differential operator applied to cell B2 (Step 4) 
 
Step 5 



 
 

Having filled up the first cell as the average of four neighboring cells, we drag it verti-
cally and horizontally so that the same command is repeated in the other cells. When this pro-
cedure ends, Excel automatically begins the iterative process which generally lasts a few 
seconds and ends with the pressure obtaining in each point of the chosen mesh. Figure 11 
shows the results obtained with the boundary conditions given on Figure 9 using the 10 x 10 
mesh. The "dummy points" and the boundary conditions were hatched in order to distinguish 
them from the internal domain. 

 
 

Figure 11. Problem solved – end of iteraction procedure (Step 5) 

For cases in which the inclination of the reservoir is considered, it proceeds analogous-
ly to what was seen. The only changes to such cases are: 

1. Will be added cosine and sine terms to boundary conditions of fluid-structure and rigid 
wall, respectively, since these are defined through the direction normal to the surface; 

2. The values of p (i, j) are obtained from equation (35), and increments "h" and "k" will vary 
according to the inclination of the reservoir. So, for example, an inclination of > � 304of the 
upstream slope implies in 4 � 604, and thus having k = 1, we have h = 1.73205. Figure 12 
clarifies this interpretation.  

 

                                         
 

Figure 12. Upstream inclined reservoir with defined angles and dimensions 
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4. CONVERGENCE STUDY – ANALYTICAL X NUMERICAL  

To validate the proposed methodology a comparison was made between the distribu-
tion of pressures through the analytical formulation and the numerical results. The latter being 
analyzed by three different mesh schemes, in order to verify the influence of its size in the 
refinement of the results. Figure 13 presents these analyses.  

From the graphic analysis it is concluded that the mesh size varies the numerical re-
sults. Mesh 20 x 30 gives good results with a decreasing ratio y / H, and those are the values 
that matter most to analysis, with an overall minor error when compared to the rectangular 
(analytical) solution. Therefore, this mesh was chosen for the proceedings analyses.  

 

 
Figure 13. Dimensionless pressure at fluid-structure interface – analytical x numerical 

5. APPLICATION EXAMPLES AND RESULTS   

5.1. Influence of the upstream slope on the hydrodynamic pressure distribution  

To evaluate the importance of the upstream slope on the pressure distribution along 
the fluid-structure interface, analyses were performed for three different numerical models, 
including angles of 30, 45 and 60 degrees. Results are presented on Figure 14.  

It is clear from the graphical analysis results that an increment of the upstream slope 
results in overall greater pressure values at the fluid-structure interface. The "saws" on the 
charts representing the hydrodynamic pressures tend to disappear with a more refined discre-
tization of the reservoir. It should also be noted that maximum values are not at base of the 
dam (in contrast to a vertical dam).  
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Figure 14. Dimensionless pressure at fluid-structure interface – slopping face 

Another analysis of practical importance is given by an error estimative of proposed 
expression (31) when compared to results provided by a numerical analysis. Figures 15, 16 
and 17 present these results.  

 
Figure 15. Results for a 30degrees upstream slope (analytical x numerical) 

Through the graphical analysis, one can see that for values of y / H between 0.4 and 
0.6 the values obtained by the proposed analytical expression and the corresponding finite 
difference scheme approach as the angle of the upstream slope decreases. Moreover, for val-
ues of y/H less than 0.2 the values of the pressures in both methods differ, with the analytical 
values oversized. Still, the proposed analytical formulation emerges as an additional tool for 
the preliminary assessment of pressures on slopping dams. 
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Figure 16. Results for a 45 degrees upstream slope (analytical x numerical) 

 

 
Figure 17. Results for a 60 degrees upstream slope (analytical x numerical) 

 
5.2. Influence of the reservoir bottom slope on the hydrodynamic pressure distribution 

Evaluation of the of the reservoir bottom slope effects on the distribution of fluid pres-
sure at the interface was performed for three different numerical models, with variation made 
for angles of 30-60 degrees, with an increment of 15 degrees. Figure 18 presents these results.  

It is clear from the graphical analysis that as the inclination of the tank bottom increas-
es, the greater the pressure for values of y / H between 0.4 and 0.6. The pressure for values of 
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y / H less than 0.1 follows the inverse order. That is, the pressure at the base of the dam de-
creases with an increasing inclination of the reservoir bottom. 

 
Figure 18. Dimensionless pressure at fluid-structure interface – slopping bottom 

6. CONCLUDING REMARKS    

A simple and practical method was made to evaluate the distribution of pressures 
along the fluid-structure interface considering different geometries of the domain, namely, the 
slope of the ornament on the upstream side and the inclination of the reservoir bottom. 

It could be seen that in both cases there was a significant shift in the distribution of 
pressures and that the value of hydrodynamic pressures at the bottom of the reservoir decreas-
es as the angle of inclination decreases for both the upstream face and the reservoir bottom 
slope. 

The major advantage of applying the finite difference method by using the commercial 
program Excel is to obtain the pressure values directly, without the need to solve a linear sys-
tem of equations. This same procedure can be applied to other problems for solution of diffe-
rential equations separate and / or including other boundary conditions. Therefore, the pro-
posed procedure is an ideal introductory tool for young researchers working with finite differ-
ences schemes.   

The analytical formulation proposed for cases with an upstream slope, despite its 
physical and mathematical sense, emerges as an alternative for practical problems dealing 
with limitations imposed by traditional theory, which applied are only to vertical dams. De-
spite the errors, the proposed formulation provides a good estimative of pressure values at the 
dam-reservoir interface.   
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