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Abstract: Almost all load bearing components usually experience variable amplitude loading
(VAL) rather than constant amplitude loading (CAL) during their service lives. Although
many models have been proposed on this subject, but life prediction under these complex
situations is still under constant improvement. The present study aims at evaluating residual
fatigue life under CAL due to application of the inertial effect coefficient by adopting a
dynamical coefficient mechanics (DCM) model. The proposed model was illuminated based
on static fracture mechanics and the correlative problems of dynamic fracture mechanics
were changed into ones of linear elastic fracture mechanics (LEFM) by d'alembert's principle.
A new expression for the fatigue crack propagation (FCP) rate has thus been derived. The
expression was verified by using couple samples from published experimental results and is in
good agreement with the test results.
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1. INTRODUCTION

Fatigue is an important failure mode for many structures, and it has been reported that
80-90% of failures in steel structures are related to fatigue and fracture[1,2]. The fatigue
strength of a component or structure can be significantly reduced by the presence of a crack or
any other sharp discontinuities. Thus it is important for assessing the remaining fatigue life as
precisely as possible to ensure safety, and which attracts much attention from many
investigators in many countries[3,4]. Hence, reliable estimation of fatigue crack propagation
and residual life prediction are essential so that the component can be timely serviced or
replaced.

Nowadays, two groups of mechanistic models for fatigue crack propagation are
generally accepted: the model of Laird and the model of Neumann. Laird[5]proposed a model
in which the fatigue crack extension could be understood as crack tip blunting (during loading)
and crack tip resharpening (during unloading). Modifications of this model have been
proposed by Tomkins et al., Krasowsky et al.and Wanhill[6-8], however, the concept of
multiple slip band formation resulting in the blunting at the crack tip is always present
(ductile-like crack extension). Neumann[9,10] approached the problem incorporating the slip
processes differently. He proposed a model in which crystallographic cleavage is also
involved (brittle-like type crack extension). Many other crack propagation models can be
consedered as modifications of these two, and each model has its own capabilities and
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limitations as discussed in several literature[11,12]. Because of the complexity, large
ambiguities and disagreements, and also lack of proper understanding of the mechanism of
retardation, no fundamental and universally accepted model is available that would include all
the mechanisms and could be applied to all materials. From engineering point of view,
retardation models should be calibrated by experimental data fitting as recommended by
Broek[13]. Therefore, for successful implementation of life prediction methodologies to the
design and in-service operation of structures subjected to variable amplitude loading,
empirical models are under constant improvement.

In the present study, attempts were made to develop a DCM model for FCP under
CAL based on static fracture mechanics with thinking about the inertial effect coefficient and
its impact to crack tip, while the correlative problems of dynamic fracture mechanics were
changed into ones of linear elastic fracture mechanics by d'alembert's principle[14]. A FCP
rate expression, which reveals the correlation between FCP and intrinsic properties of the
materials, nominal stress intensity factor range, an applied stress ratio, is derived. The FCP
rate expression was examined objectively by the test results from literature. Finally, the DCM
model and the effects of various parameters on the FCP rate expression were discussed.

2. A DCM MODEL FOR FATIGUE CRACK GROWTH UNDER CAL

2.1 The inertial effect to fatigue crack caused by alternating loading

If any particle A is vibrating around its equilibrium position in the frequency of ω ,
then its displacement is tAyy ωµ sin= , its acceleration is tAyy ωωµ sin2−= , its inertial force
is tAmP yAy ωω sin2= . When the full-court inertial force serve as an additional loading on the
component, it can be formally changed into a statics problem by using the d'alembert's
principle. At the same time, its effect to the crack tip can be identified as a crack tip
singularity field according the LEFM. So we can use AK serve as the maximum stress
intensity factor of the inertial force field. Then the maximum of BK can be described as
follows:

aaAB mKKKK =+= ( 1>m ). (1)

naa aK πσ= . (2)

When tha KK = , then ACB KKK += . That’s why the fatigue crack will expand slowly
when BK is less than CK . According d'alembert's principle, we can give out the following
equation:

Cth KmK = . (3)



2.2 Fatigue crack growth theory under symmetric CAL

Fatigue crack growth is consisted of crack initiation, crack growth, crack arrest in
every cycle as shown in Figure 1. The mechanics model of fatigue crack growth which is
under the condition of symmetric CAL, can be outlined as follows:

tay ωσσ sin= . (4)

tKK aM ωsin= . (5)

naa aK πσ= . (6)
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Figure 1 Schematic of fatigue crack growth condition
According Figure 1, we know nnn ααα −=∆ +1 . Then the mathematical formulation and

computational procedure of fatigue crack growth can be outlined as follows:
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We all know dnda only relates with the fracture dynamics parameters, that is to say,
dnd nα has no relation to n . Meanwhile, 1c is subtractive with monotone increasing a and



monotone decreasing nα . So dnd nα is determined by linear items in Eq. (12). Then we can
deduce the FCP expression of infinite board with central crack as below:
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The corresponding FCP rate expression is as follows:
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2.3 Fatigue crack growth theory under asymmetric CAL

According above deducing procedure, the mechanics model of fatigue crack growth
which is under the condition of asymmetric CAL, can be outlined as follows:

tam ωσσσ sin+= . (16)
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Then we can deduce the FCP rate expression of infinite board with central crack under
asymmetric CAL as below:
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1c expresses the variation trend of dehiscent angle, aK∆ expresses the driving force of
fatigue crack growth, thrK∆ expresses the resisting force of fatigue crack growth, R
expresses the effect of stress ratio, which were analyzed by Xu et al.[15].

3. VERIFICATION OF THE DCM MODEL FOR FATIGUE CRACK GROWTH

In order to assess the utility of the DCM model, the theoretical FCP analysis under
constant and asymmetric amplitude loading were predicted and compared with those obtained
from a set of CT specimens’ experimental data which were reported by Zhang et al. [16].
Figures 2 clearly shows that there is a good agreement between the predicted value and test
value when every phase has data in the FCP process. In other words, there is uncertainty only
with the data of crack growth phase. That is to say, the DCM model can not only figure out
the fatigue life of specimens quickly and accurately, but also analyze the whole fatigue crack
growth process well just with finite test data in every phase of the FCP process.

Figure 2: Comparison between predicted and measured FCP rates and crack length(test
parameters, ( )24118743.5 NcyclemeC ⋅−= , 5.15.5052 mmNKC = ,

5.15.312 mmNKth = )

4. CONCLUSIONS

Based on static fracture mechanics with thinking about the inertial effect coefficient
and its impact to crack tip, a DCM model for fatigue crack growth under CAL is developed in
this paper. The following preliminary conclusions could be drawn:

⑴ According to the principles of static fracture mechanics and linear elastic fracture
mechanics, a dynamical coefficient m is suggested. The inertial effect to fatigue crack caused
by alternating loading explains the mechanism of fatigue crack propagates below CK .

⑵ The DCM model can clearly describe the whole process of fatigue crack growth
and calculate the residual fatigue life getting the values of CK , 1c and m by some test data in



the three phases of fatigue crack growth. This is of practical importance for engineering
applications.

⑶ Based on the fracture model, a new expression for the FCP rate under CAL, which
reveals the correlation between the FCP rate and intrinsic properties of component’s materials
and imposed load, is derived for CCT specimens as follows:
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⑷ The new expression is verified objectively by comparisons with test data taken

from literature. It shows a fairly good agreement with the test data. The new expression can
provide a simple engineering means to analyze the fatigue crack growth rule and predict
fatigue life under CAL.
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