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Abstract. Scratch test is one of the oldest method to determine mechanical properties in ma-
terials. The technique has gained interest due to the properties implied during test, such as
adherence, hardness, cohesion and elasticity. On this test a rigid indenter is dragged on the
material test surface at a constant depth and controlled forces. This problem is modeled by
finite elements method and limit analysis theory, which is is a direct method and there is no
need to calculate stresses during each load step in order to compute critical states and col-
lapse mechanisms. From virtual power principle, the internal power is related to the external
power, which is amplified by load factor so that the body achieves a plastic collapse. The so-
lution of a limit analysis problem is to find this load factor, the plastically admissible stresses
fields that are in equilibrium with the given forces system, the kinematically admissible veloc-
ity fields, the strain rate field , which is related to the velocity field by means of a deformation
operator, and the plastic multiplier. The solution of a limit analysis problem closely depends
on the yield function that describes the behavior of a material, such as von Mises for metals
and Drucker-Prager for rocks. However, traditional criteria for rocks and soils such as Mohr-
Coulomb and Drucker-Prager do not consider material porosity. Therefore, an yield criterion
that includes porosity effect is applied in this work. This function is applied to the discretized
limit analysis model. A semi-analytical solution based on limit analysis lower bound method
is developed and the proposed yield function is also applied. Then, the results between both
methods are compared.
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1. INTRODUCTION

Scratch tests are among the oldest method to determine mechanical properties, such as
adhesion of coatings or strength of materials. On these tests a rigid indenter at a constant depth
is dragged on the material test surface. This problem can be modeled under plasticity theory,
since a plastic flow occurs during dragging process. The development of plasticity studies
on porous materials have wide applications like the determination of material hardness using
nondestructive methods like scratch tests. Scratch tests are also used as an alternative way of
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measuring mechanical properties as adhesion of coatings or strength of rocks, according to
[1].

Modeling the mechanical behavior of porous materials is a difficult task because of
the many variables involved. Porous materials comprise soils (sand, clay), ceramics or even
metallic powder, where the metal is physically divided into many small particles, then pass-
ing through compression and sintering process. Unlike metals, porous materials are very
heterogeneous, composed by many particles, with different sizes, inclusions and of course,
porous. The challenge is to quantify the interaction of this many variables into a yield func-
tion, important to predict the plastic behavior of the material. The works of [2] and [3] have
given a valuable contribution in the development of an yield criterion. This formulation is
derived from a micro or nano scale study of solid and porous phases of the materials. Then,
an expression for the yield criterion on a macro scale is derived from homogenization theory,
expressing solid phase properties as well as information of porous morphology. Variables
such as friction angle, cohesion and porosity are take into account in order to determine the
material properties.

Based on limit analysis theory and finite element method the scratch test problem is
studied and the incipient plastic collapse factors is related to the micro or nano hardness of the
porous material[]. The called Ulm-Gathier yield function is applied into the model and some
discussions about its Hessian is made. It should be remarked that under certain conditions,
this function tends asymptotically to von Mises or Drucker-Prager criteria. As plane strain
hypothesis is applied into model, the Ulm-Gathier is developed concerning this hypothesis.

Then, a model validation is made when Ulm-Gathier tends asymptotically to a Drucker-
Prager criterion, reached when porosity tends to null or, equivalently, packing density tending
to 100%. After validating, a solution considering porosity is made. Moreover, a lower-bound
semi-analytical solution is developed and used to compare to finite element one.

2. MODEL

Schematically, Figure 1 describes the geometry of the scratch test problem:

Figure 1. Geometry of the scratch test problem.

In order to model this problem, some basic hypothesis are taken: the contact between
indenter and material is frictionless and plane strain is considered.

There are two methods to solve problems in plasticity: the incremental one, which
there is need to calculate stress at each load step and the called direct method, represented by



limit analysis method. This method will be applied in this problem and it is shown a sharp
interface with mathematical programming and an optimization problem with restrains. The
Finite Element method is also applied.

2.1. Limit Analysis Model

Limit analysis method aims the determination of the loads that will cause the phe-
nomenon of incipient plastic collapse, in a body made of elastic ideally plastic material as
seen in [4] and [5]. The basic concepts of limit analysis are found in [6], [7], [8], [9], among
others. The extremum principles for limit analysis of continuum bodies under proportional
loads are presented hereafter.

Considering a body that occupies a region B with regular boundary Γ and let V the
function space of all admissible velocity fields v complying with homogeneous boundary
conditions prescribed on Γu of Γ. The strain rate tensor denoted by D relates with v by a
linear operator and the duality product between stress fields T and strain rate D belonging
respectively from spaces W ′ and W is written as:

〈T,D〉 =

∫
B
T.D dB (1)

The load system is represented by an element F from space V ′ , dual of V. The duality
product is denoted as:

〈F, v〉 =

∫
B
b.v dB +

∫
Γt

τ.v dΓ (2)

where b and τ are body and surface forces respectively, Γt is a part of boundary Γ where
external loads are prescribed.

From equilibrium requirements:

〈T,D〉 = 〈F, v〉 (3)

The stress field T is constrained to fulfill the plastic admissibility condition, belonging
to the set P defined as:

P = {T ∈ W ′ |f(T ) ≤ 0} (4)

The constitutive relations are derived from principle of maximum dissipation, associ-
ating the stress T and plastic dissipation X(Dp) to a given strain rate Dp, as in Eq. (5):

X(Dp) = sup
T ∗∈P
〈T ∗, Dp〉 (5)

Stress and plastic strain rates are related by an associative flow law and the comple-
mentary condition is also used, as seen in [8]. Solving a problem using the limit analysis
consists in finding a load factor α such the body undergoes to plastic collapse when subject
to a reference load amplified by α. From classical extremum principles of limit analysis,
the called static, kinematic and mixed formulations are derived and more information about
these principles, limit analysis discretized forms and the algorithm that solves the optimization
problem are found in [4] and [5].



2.2. Discretization Scheme

The continuum form of the limit analysis problem is discretized into 2-D mixed finite
elements, applied to solve the scratch problem. Triangular elements as in Figure 2 are used,
with quadratic interpolation for velocity and linear interpolation for stresses fields, developed
by Solid Mechanics Group in COPPE [10]. An adaptive mesh refinement is applied and the
main goal of this approach is to achieve a mesh-adaptive strategy accounting for mesh size
refinement, as well as redefinition of the element stretching. More details about adaptive
approach are in [11] and it allows the choice of mesh refinement level. The initial refinement
mesh is uniform and after an adaptive mesh strategy [4] a refined mesh, able to capture the
slip-lines, is produced .

Figure 2. Triangular mixed element.

3. THE YIELD FUNCTION

3.1. Porous materials

As it is well known, soils are composed by a mix of lots of different particles, creat-
ing a very heterogeneous material. Because of its heterogeneity and presence of porous, the
determination of mechanical properties of such materials becomes a difficult task. In order to
solve this, the development of a predictive model to determine the strength of porous mate-
rials will make extensive use of the theory of strength homogenization. Recent advances on
homogenization techniques are found in [2].

Porous materials with a dominating matrix-pore inclusion morphology are well rep-
resented by the Mori-Tanaka and Self-Consistent schemes, as seen in [2] and [3]. In Mori-
Tanaka scheme some material parameters such as αd, σ0, αm are calculated and they include
the soil cohesion, porosity and friction angle effects. The called Ulm-Gathier yield function
is written in Equation (6):

F (Σd,Σm) =

(
Σm + σ0

αm

)2

+

(
J2

αd

)2

− 1 (6)

where αd, σ0, αm are material parameters and calculated as seen in [2] and [3], J2 is associated
to deviatory stress and Σm is mean stress.



The Ulm-Gathier yield function has an elliptical shape, but using Mori-Tanaka mor-
phology it may assume an hyperbolic shape either, depending on density packing value. Den-
sity packing η is defined according to Eq. (7):

η =
Vs
Vt

(7)

where Vs is the solid volume and Vt is the material total volume, including pores.
Only Mori-Tanaka morphology is applied in this work and according to it, there is a

density packing critical value that defines two distinct regimes: below the critical valeu, the
yield function assumes an elliptical shape; otherwise, it assumes an hyperbolical shape. This
critical density packing ηcrit is function of friction angle αs and calculated as in Eq. (8):

ηcrit = 1− 4α2
s

3
(8)

Moreover, under certain special conditions, the Ulm-Gathier function may reach asymp-
totically either to von Mises or Drucker-Prager criteria: von Mises criterion is obtained if fric-
tion angle αs → 0 and packing density η → 1; however, if αs 6= 0 and η = 1, Drucker-Prager
criterion is obtained.

Figure 3 shows an example of Ulm-Gathier function, plotting J2 (deviatory) versus
σm (mean stress) for a friction angle αs = 0.4. In this case, ηcrit = 0.786 and it means that
any packing density below this critical value, the yield surface has an elliptical shape and
otherwise, the criterion is hyperbolical. It is also observed that when η → 1 the cone-shaped
Drucker-Prager criterion is reached. If von Mises citerion were represented, it would be an
horizontal line parallel to mean stress axis since Mises is independent of the mean stress, as
expected.

Figure 3. Yield function regimes: elliptical below ηcrit, hyperbolical above this value and
limited by Drucker-Prager when η = 1.



3.2. The yielding function under plane strain hypothesis

Denoting Σ as the stress field, the deviatory stress is calculated using projection oper-
ators, according to Equation (9):

Σd = P Σ (9)

where tensor P projects the stress vector Σ on deviatory space.
Letting the vector m representing the unitary vector along hydrostatic direction, the

mean stress is calculated as in Equation (10):

Σm =
1√
3
Σ.m (10)

The decompositions of these stresses components are schematically presented in terms
of principal stresses in Figure 4, showing the hydrostatic axis m and the deviatory plane
perpendicular to it:

Figure 4. Hydrostatic axis and deviatory plane on principal stresses.

The invariant J2 is defined in Eq. (11):

J2 =

√
1

2
Σd ·Σd (11)

From plane deformation hypothesis, the deformation component εz is made null. Ap-
plying the normality rule, then the stress component Σz is obtained in function of Σx and Σy

components, as in Equation (12):

Σz =
Σx + Σy

2
A−B (12)

where: A=α2
m−4α2

d

2α2
d+α2

m
and B= 6α2

dσ0
2α2

d+α2
m

.



In this way, a relation between a stress vector Σ = [Σx,Σy,Σz,
√

2Σxy, ]
T and the

stress vector at plane deformation denoted by Σp, with components [Σx,Σy,
√

2Σxy]
T is made

through Equation (14):

Σ = PDΣp + D (13)

where D=[0, 0,−B, 0]T and PD is a 4x3 tensor, defined as follows:

PD =


1 0 0
0 1 0
A/2 A/2 0

0 0 1


In an alternative way, the yield function described in Equation (6) is rewritten as:

F (Σ) =
1

2
CΣ ·Σ + a Σ ·m− rk (14)

where C = 1
α2
d
P + 2

3α2
m

(m⊗m), a = 2σ0√
3α2

m
and rk = 1−

(
σ0
αm

)2

Rewriting this function using plane deformation formulation:

F (Σp) =
1

2
CpΣp ·Σp + aΣp ·mp +Rk (15)

where:

Cp = PTD C PD mp = [
1√
2

;
1√
2

; 0]T (16)

a =
3
√

2σ0

(α2
d + 3α2

m)
Rk = −1 +

3σ2
0

(α2
d + 3α2

m)
(17)

Once defined the yield function on plane deformation, there is the need to calculate
the gradient and the Hessian of Equation (15), which will be implemented in the limit analysis
algorithm solver. They are calculated as follows:

∇ΣF (Σ) = Cp Σp + amp (18)

∇2
ΣF (Σ) = Cp (19)

Both gradient and Hessian are used in the limit analysis algorithm and Hessian shall
be invertible. In the following the eigenvalues and the eigenvectors of Cp are analyzed. This
analysis is important to verify the positive-definiteness of the Hessian, which is convenient to
implement in the quasi-Newton limit analysis algorithm.

• Eigenvalues: ( 1
α2
d
, 1
α2
d
,

12α2
d+α2

m

(2α2
d+α2

m)2
)

• Eigenvectors: [0, 0, 1]T , [−1, 1, 0]T , [1, 1, 0]T



Decomposing Cp using spectral theorem, the characteristic spaces are the deviatory
plane and the hydrostatic axis on plane strain, defined by eigenvector [1, 1, 0]T . Thus, every
vector on deviatory plane is an eigenvector of Cp. Moreover, the positive-definiteness of Cp is
proved on elliptical cases since the properties αd and αm are always positive and consequently,
the eigenvalues are always positive also.

When the density packing exceeds the critical value, the propriety α2
d becomes a nega-

tive one. So, doing α2
d = − | α2

d | and substituting in Equation (6), it represents an hyperbolic
equation and the Hessian in this case would be negative-definite, which is not convenient to
implement in the algorithm. Nevertheless, this difficulty can be avoided by adopting a radical
function to describe the hyperbolic functions

That is, defining now the tensor P which projects the stress vector Σp on the deviatory
space for plane strain stresses, the yield function on hyperbolical case is determined as follows
in Equation:

f(Σp) = J̄2 −
√
Ī2

1 (20)

where:

J̄2 =

√
1

2
PΣp ·Σp (21)

I2
1 = c1(mp ⊗mp)Σp ·Σp + c2Σp ·mp −Rk (22)

The constants c1, c2 e Rk are calculated as in Equations (23) e (24) :

c1 =
−3 | α2

d |
2 | α2

d | −6α2
m

c2 = 2
√

2c1σ0 (23)

Rk =| α2
d |
(

1 +
3σ2

0

| α2
d | −3α2

m

)
(24)

The Gradient and the Hessian of the yield function defined in Equation (20) are as
follows in Equations (25) and (26), respectively:

∇f(Σp) =
PΣp√

2PΣp ·Σp

− 2c1(mp ⊗mp)Σp + c2mp

2
√
c1(mp ⊗mp)Σp ·Σp + c2Σp ·mp −Rk

(25)

∇2f(Σp) =
1√

2PΣp ·Σp

(P− χd ⊗ χd)− c1(mp ⊗mp)− χm ⊗ χm

2
√

Σlim

(26)

where:

χd =
PΣp√

PΣp ·Σp

(27)

Σlim = c1(mp ⊗mp)Σp ·Σp + c2Σp ·mp −Rk (28)



χm =
(2c1Σp ·mp + c2)mp√

2Σlim

(29)

From Equations (27) and (29), one may conclude that χd and mp are eigenvectors of
the Hessian. The associated eigenvalues are respectively, Λ1 = 0 and Λ2 =

3α4
d

2Σ
3/2
lim(3α2

m−|α2
d|)

,

resulting in a positive semi-definite Hessian.
The eigenvalue Λ2 is proved to be positive, but the null eigenvalue implies a singularity

at any vector parallel to χd, which is at deviatory plane. Nevertheless, when Ulm-Gathier yield
function tends to Drucker-Prager, Λ2 tends also to null.

Since the Hessian of the hyperbolic function has at least one singularity, small pertur-
bations are proposed in [5]. These perturbations are made along the eigenvector associated to
the null eigenvalue.

4. SEMI-ANALYTICAL LOWER BOUND SOLUTION

Based on [12], a semi-analytical solution to scratch test is proposed. This method is
developed under lower bound limit analysis theorem and the specimen is divided into three
constant stress regions. The contact between the tool and the body is frictionless. Bard and
Ulm [12] applied Mohr-Coulomb and Drucker-Prager on their solution; however, in this work
the Ulm-Gathier yield function that considers porosity as a parameter is considered in this
work.

On development of a lower bound solution the equilibrium requirements must be
obeyed, such as: equilibrium with boundary conditions and equilibrium between adjacent
regions. Figure 5 shows the partitioned specimen:

Figure 5. Partitioned specimen in three constant stress regions.

Since regions II and III have the same boundary conditions and the same normal angle
between interfaces, only regions I and II will be analyzed. The interaction between indenter
and the body is represented by an horizontal and a vertical forces, FH and FV respectively.
The Cartesian axes {x,y} are established as well as a local axes {t,n}.



4.1. Equilibrium

From a region cut from region I, the equilibrium requirements are derived according
to Figure 6:

Figure 6. Exernal and internal forces equilibrium.

Considering a width w, the equilibrium is derived as in Equations 30 and 31:

1.
∑
Fx = 0

σxwd− τxywdtgθ + FT = 0 =⇒ HT = τxytgθ − σx (30)

2.
∑
Fy = 0

−σywdtgθ + τxywd− FV = 0 =⇒ HV = τxycotgθ − σy (31)

onde: HT = FT/(wd) e HV = FV /(wdtgθ).
Thus, the stress tensor in region I and the external loading are defined as in Equa-

tions 32 and 33 the equilibrium is written as in Equation 34.

σI = σx(ex ⊗ ex) + σy(ey ⊗ ey) + τxy(ex ⊗ ey) + τxy(ey ⊗ ex) (32)

H = −HT (ex ⊗ ex)−HV (ey ⊗ ey) (33)

σI · n = H · n (34)

When analyzing the boundary conditions at regions II and III, there is no external
loads applied at these surfaces. It can be mathematically expressed as σII · ey = σIII · ey = 0

and the stress tensors are written as:

σII = σIII = σx(ex ⊗ ex) (35)

Once defined these tensors, the equilibrium between interfaces I and II are established
in Equation 36:

σI · ηβ = σII · ηβ (36)



On indenter-material interface, the tangential and normal stresses are written in local
axes reference. Tangential and normal stresses are calculated as τnt = t · σI · n and σn =

n · σI · n, respectively. These components are also related to external loading, according to
Equations 37 and 38:

τnt =
σIy − σIx

2
sen(2θ)− τxycos(2θ) = (HT −HV )cosθsenθ (37)

σn = σIxcos
2θ + σIysen

2θ − τxysen(2θ) = HT cos
2θ −HV sen

2θ ≤ 0 (38)

As a remark, since contact between indenter and material must be provided, the con-
dition σn ≤ 0 must be met.

4.2. Solution for a frictionless contact

Since contact is frictionless, the shear component τnt = 0 and using Equation 37,
HT = HV . Figure 7 shows the stress state at an infinitesimal element at region I:

Figure 7. Stress state at region I.

It also can be observed that there are only normal stresses at region I and it can con-
clude that they are principal stresses and {t,n} are eigenvectors of σI . On eigenvector basis:

σI = σtt⊗ t + σnn⊗ n (39)

Studying the interface I-II and defining the normal vector ηβ = sen(θ+β)t− cos(θ+

β)n, from equilibrium between these interfaces, given by σI · ηβ = σII · ηβ , the stresses
components of regions I, II and III are re-written according to Equations 40 and 41:

σI = − HT tgθ

tg(θ + β)
(t⊗ t)−HT (n⊗ n) (40)

σII = σIII = −HT (1− tgθtgβ)(t⊗ t) (41)

In spite of not being represented in the stress tensors, the component σz exists and
it is calculated from plane strain hypothesis, in terms of others components σx and σy and
dependent of the yield function. According to normality law:



ε̇z = λ̇∇f = 0 (42)

4.3. The optimization problem

Once the stress tensors are defined in Equations 40 and 41, the collapse factor is
reached when regions I, II and III plasticizes. The optimization problem is stated as in Equa-
tion 43

Hs ≥ max
β

HT | f(σI) = f(σII) (43)

This procedure is called semi-analytical due to absence of a closed form solution. In
order to solve this problem, it was developed a routine in MatLab c©to find the angle β that
makes true the equality f(σI) = f(σII).

5. RESULTS AND DISCUSSION

5.1. Validation

Before applying the Ulm-Gathier considering porosity as a variable, it is important to
compare the Limit Analysis and Finite Element model with those one existent in literature.
Most models found such as [12] considers Mohr-Coulomb and Drucker-Prager yield functions
on the solution.

As seen on previous section, when porosity tends to null, the Ulm-Gathier function
tends to Drucker-Prager criterion and it is applied on finite element model. This approach is
also applied to the semi-analytical solution.

Figure 8 shows the comparisons between Finite Element solution, semi-analytical so-
lution and results from [12]. Some collapse factors are evaluated as long as friction angle
varies:

Figure 8. Collapse factors for many friction angles.



5.2. Porous materials results

After model validation with Drucker-Prager yield function, the porosity effects are
taken into account. At first, Figure 9 shows an example of an adaptive mesh.

Figure 9. An adaptive mesh for the scratch test.

In order to evaluate the behavior of the collapse factors with porosity, some cases
were studied considering a fixed friction angle and making the packing density to vary. The
cases were run in the Limit Analysis Program and the results were compared to the ones
from the semi-analytical solution. The friction angles considered were αs = 0.10(5.75o) and
αs = 0.80(64.4o). Figures 10 and 11 shows the hardeness variation with packing density.

Figure 10. Results for friction angle αs=0.10. Figure 11. Results for friction angle αs=0.80.



5.3. Discussion

The scratch test is an old method to determine material mechanical properties and
this technique has gained interest due to the properties implied during test, such as adherence,
hardness, cohesion and elasticity. In this problem, a rigid indenter is dragged on a specimen at
a constant depth and it can be modeled as a plasticity problem. The problems in plasticity may
be solved by an incremental method or by direct method like limit analysis. The main advan-
tage of limit analysis method is the absence of stress calculation at each load step and the main
interest is the determination of the load factor that multiplies a reference load that will cause
the incipient plastic collapse. The basic statement of limit analysis is found at most known
literature in plasticity theory. These concepts were extended to mathematical programming
and limit analysis problems are solved by an optimization problem with restrains.

In order to analyze the behavior in plasticity of porous material, a suitable yield
function must be used and it was seen that classical functions used such Mohr-Coulomb or
Drucker-Prager do not consider porosity effects. The Ulm-Gathier function applied and im-
plement in the Limit Analysis Program considers porosity effects throughout Mori-Tanaka
morpholy. This function was implemented in Limit Analysis Program and the eigenvalues
and eigenvectors of the Hessian shall be analyzed. If Ulm-Gathier function is elliptical, the
positive-definiteness of the Hessian can be proved. Otherwise, if the function has a hyper-
bolical shape, an alternative development for plane strain is made and the Hessian is positive
semi-definite. This Hessian characteristic shall be studied since it has to be invertible in order
to apply the limit analysis solver algorithm, based on a quasi-Newton method. So as to solve
that, a small perturbation along the eigenvector associated to null eigenvalue is made.

After computational implementation of the Ulm-Gathier function, some cases consid-
ering Drucker-Prager criterion were analyzed in order to validate the model and compare the
results to these ones existing in literature. A lower-bound semi-analytical solution was also
developed. The graph in Figure 8 shows that the semi-analytical solutions are very close to
the Finite Element model.

Once validated the model, some cases considering porosity effects were studied. Qual-
itatively analyzing the variation of the collapse factors along packing density, one may ob-
serve it increases when porosity diminishes. When η → 1, the Ulm-Gathier function tends to
Drucker-Prager results at the friction angles in Figure 8.

As known, the contact between material and tool is not frictionless. However, to
model and implement friction models is a difficult task and it is the next step. The work of
[13] shows some contact laws and it will be studied in order to implement in analysis limit
problems. Also, [14] proposed a formulation for friction problems based on [15]. However, it
is limited to some friction coefficients and some specific applications.

Furthermore, a 3-D model shall be developed, since in scratch test problems there is
no symmetric and the specimen has width larger than the tool.
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