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Abstract.Mathematical modeling in resources management has been growing in recent years,
but this generally describes and studies the dynamic interaction between isolated populations
and the ecological complexes to find conditions where human and natural resources coexist
in a sustainable scheme. This paper will present a new proposal on two communities that
are linked in a scenario of economic exchange, where trading conditions depend on the state
variables and parameter values. When several communities are considered and several tra-
ding strategies are apply we get rich dynamic and nonlinear phenomena. The analysis con-
cluded that for a sustainable scheme, some parameters must be managed inside the system in
order to obtain non-trivial equilibrium or oscillatory behavior between the state variables.
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1. Introduction

All previous works have studied the dynamic interaction between population and na-
tural resources for isolated societies [1-4]. The results indicate that the success or failure of a
society depends greatly on how renewable resources are managed. Specifically, the values of
the parameters lead to the sustainable level of population and resources in the long term.

Up to now social-ecological systems are based on two different economic sectors:
resource development and agriculture. Now, a more complex structure is introduced consi-
dering not only the two sources of income but also input and output flows of the two regions.
The proposed model implies that both regions can exchange an amount of their collected re-
newable resources under the assumption that each region has different renewable résources
Hereafter the subindex 1 and 2 refer to variables and parameters of regions 1 and 2 respec-
tively. The requirement for renewable resources in the region 2 is obtained not only exploit
their own resources but also an amount of resources in the region 1. This process is analogous
to region 1. This dynamic is a simple process of export-import between regions 1 and 2.

The paper is organized as follows: In the first section a model of sustainable develop-
ment 2-dimensional for one civilization is presented4yfrom this model, a 4-dimensional

1Social and environmental factors as: climate, geography and culture could determine economic activities in
aregion.



smooth model is proposed, which involves an economic exgdhéetween two civilizations
(2), this model can be viewed as a non smooth model if the pateasof this system change
abruptly over time. The second section is aimed to obtainltesf the smooth model where
behaviors with and without economical interchange arelhjdater continuations of equili-
brium points and Hopf points are made which allow to undexthe change of stability of
the equilibrium points. In the third section the non smoagtstem is introduced and shows
some interesting behavior of this system. In the fourthisedhe conclusions of this work
are given, the fifth section future researches are propdsedlly the theoretical framework
used in this work.

2. Mathematical mode

The interaction between population and renewable resswraa be described by
Ricardo-Malthus model proposed in [1,4]. This model assitnat the dynamics of resources
depends on the natural growth and the rate of collectionesfehOn the other hand, the popu-
lation dynamics depends on the difference between calooiesumed and the per capita level
of calories needed to survive as presented in the followystiesn of differential equations
(ODEs)

S=[p(§-1)(1-£) —aBI] 5;
L=~ (A1 8L +3aBS ~7) L. )

Let us suppose that the population in both regions produeedme agricultural pro-
duct, ie corn, but collect different renewable resouraasekample the region 1 exploiting the
land to produce wood and the region 2 using the sea for fislintis sense the dynamics of
each region can be modeled by a ordinary differential eqoatsystem (1) but with different
values of parameters (see Table 1). Now, let us suppgse€’, € [0, 1] are portions of
resources exploited by regiohsind2 and used for their own consumption respectively, where
(1—Cy) and(1 — ) are parts of resources that the reglocend regior receive one of each
respectively.

Table 1. Parameter values

Parameter Value | Parameter Value
oh 0.3 B 0.4
o 0.0001 Qg 0.00011
1 0.025 P2 0.04
A1 12.95 A2 12.95
01 0.7 09 0.7
k1 700 ko 600
K, 12000 Ky 14000
71 0.1 V2 0.1
o1 0.14 o9 0.14
R 0.3 o 0.25

The import process is summarized by the consumption of iesldhat each region
receives from the other, then the regibrconsumes’, ¢4 3151 L, caloric units of their



own resources and exports — C') ¢, 8151 Lo to region2. The same process occurs in
the other direction, since the regi@rconsumes’spoai2/32.55 Ly and exports to the regioh

(1 — Cy) paa 3252 L1. On the other hand, assuming that each region avoids hanyest
amount of resources with caloric value equal to the caloalcer that they have imported,
thus:

(1 - 02) 2012325

S2-1 = pra1 B
g _ (1 - 01) P10 315,
2 Pa0x2 3

wheresS;_; is the amount of resources in the regjowhich has a caloric value equiva-
lent to resources imported from the region

$ = pm (S%S“ - 1) (1 - 51+T1521) S — cphLn (S1— So 1),

)
Ly = (’71)\1(1 — B)" LY + Ci6101 8151 + (1 — C) $2a32Ss — Ul) Ly,
)

52 = P2 (52—;;7251_2 - 1) (1 - 52+le_2) S2 - a?BQLQ (SQ - 51—2 9

\ Ly= (72)\2(1 — 52)62Lg2_1 + Coara 3255 + (1 — C1) 11 3151 — 02) Ls.

(2)

The system (2) is a smooth model if we assume that the ecorexaiange constant
C; are fixed. Now if they vary abruptly over time, make the systeimecome a discontinuous
non smooth system. In the following sections each one oktsgstems will be studied in
detail.

3. Smooth system results

The system (2) is a set of ordinary differential equationgpted to depend not only
on the state variables and parameter values, but also tiamye rate€’; andC,. Three
scenarios may occur: Non economic excharge= 1; economic exchangé;; # 1, export
of the regioni to the regiory, C; = 1,C; # 11if i # j.

As it follows we assume that both civilizations have largeoant of resources and
low population in a time,, that is why the initial conditions are fixed for each civétion
like the values of the parameters given by Table 1. It is ersizlkd that only the analysis of
sensitivity to economic exchange parameters is made imibrik.

Below several scenarios are presented, where sensitivibhesystem can be appre-
ciated respect to the parameter values of economic excli@nge

3.1. Without economic exchange

The Figure 1 shows that taking similar initial conditionsboth civilizations, the tem-
poral evolution of 1(a) reaches a sustainable developmdnmile 1(b) runs out its resources,



this is because in civilizatiof the rate of resource exploitation is greater than in ciaiz
tion 1 and a large percentage of the population is dedicated t@ixipis resource leading to

exhaustion.
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Figure 1.C; =1andC; =1

3.2. Exporting theregion i toregion j

If civilization 2 of Figure 1(b) had an external supply of resources that cbelg
preserve their own resources allowing this way to keep aamatility. As an example, let
us assume that a civilizatidnsupplies the 0% of all the products collected to civilizatidh
then this will help both populations are sustainable as shostow.
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Figure 2.C; = 0.9andC; =1

Figure 2 shows that 2(a) reaches tig, of the maximum capacity of population,
since it is affected by sending resources to another papualatthout receiving any benefits ,
compared witth0% of the maximum capacity of population as shown in 1(a) wheees is no
economic exchange. Moreover, the constant supply of zatibn1 to civilization 2 allowed
in 2(b) an increase in the population up3@% of the maximum capacity of population.



3.3. Economic exchange

If civilization 2 has not reached the sustainable development due to lackodf fo
sources and the regeneration rate of renewable resours@dtessary to have an economic
exchange between two populations with different resousoess to obtain sustainability bet-
ween the two regions. This is accomplished for example byireg the two populations with
an exchange of0% towards the other population of what is produced as showigiaré 3.
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Figure 3.C; = 0.9 andC5 = 0.9

Civilization 3(a) reaches a maximum &% of the maximum capacity of the popula-
tion and resources are stabilized nearih& of the maximum capacity of resources, while
civilization 3(b) reaches a maximum ©$%% of the maximum capacity of the population and
about50% of the resource capacity at steady state. This dynamicaictien of trade allows
the two regions benefit and achieve sustainable development

3.4. Steady state analysis

As seen in previous results, the paramet@rswith i € {1,2} are of great impor-
tance in determining the sustainability of civilizatiorisis for this reason that this section is
dedicated to an analysis of the stationary state of the rsy&de

To do this, we turn to smooth systems theory §8e The implementation of the
algorithms of the simulations in this section were perfadnusing the numerical methods
exposed if6].

Our intention now is to determine how can the sustainabilftipoth civilizations be
interpreted. In the case of a civilization, sustainableettgyment is achieved when starting
from fixed initial condition, the trajectory converges totalde equilibrium point whose state
variables are not null, because if the state variable resdli= 0, this implies that the popu-
lation has exhausted its renewable resource and ther¢fenedcessary to the exploitation of
other renewable resource.

Another scenario for the sustainability is that the systeartiag from a fixed condi-
tion would converge to a stable limit cycle, this is why it iscessary to calculate the Hopf
bifurcation to ensure from that point you get these stabié ktycles.



3.4.1 Continuation of equilibrium points

To ensure the sustainability of both regions is necessamyake an uniparametrical
analysis ofC; leaving the parameter; = 0.9 fixed, to do this we calculate the value of the
parametelC, for which we have a Hopf bifurcation and the stability of ddprium points
System (2) is classified by using a numerical continuatioeqpfilibria, as seen in Figure 4.
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Figure 4. Equilibria continuation

In Figure 4(a) shows how it affects the exchange paraniétéo renewable resources
of civilization 1 in steady state. The blue curve contains points of stabldilegum, after
Hopf bifurcation (C; = 0.9627) these points become unstable equilibrium points givingjior
to stable limit cycles.

On the other hand, depending on the initial conditions ofslystem and a fixed value
of Cy, the evolution of the system may or may not converge to a pwirthis curve which
could be determined by calculating the attraction zonesthie set of initial conditions that
converge to the same equilibrium point.

Figure 4(b) shows the family of limit cycles that arise frame tHopf bifurcation.

3.4.2 Continuation of Hopf points

As shown in previous simulations, Hopf point determinesadh@&nge of system stabi-
lity by setting the paramete&r; = 0.9, now there will be a two-parameter continuation of the
system (2), where parameters to vary ared@h®f economic exchange, as shown in Figure
5, which shows the curve of Hopf points as we vary the parammétg, this curve can divide
two regions, which indicate when the equilibrium points gonf being stable to unstable
originating a family of limit cycles.

4. Non smooth System Results

Economic exchange occurs not only constant, it can also theeirmplementation of
policies for resource interchange designed for each zatilbn. These policies for exchange
are defined in terms of population and resources. To do thesgefine two regions of the



Figure 5. Hopf curve

S! ... Defining these
areas of economic exchange make the system (2) becomessamumth system appearing
abrupt changes in the evolution of its state variables. Systems are called discontinuous
or piecewise smooth system, also known under the name &ilippstems [7]:

)
Smin?

exchange in each civilizatione {1,2} andR; = [L! . , L!

min? mam] X [

t=[f(z(t), zeR" 3)

wheref is discontinuous at the border &f.

In defining the areas of economic exchange, four vector fesldslefined which make
the system (3) to be discontinuous, for these systems wefteseedt methods of bifurcacional
analysis to those used in smooth systems. In this paper wetdonsider the Filippov system
analysis, only limit ourselves to show how the control régiof economic exchange influence
in the sustainable development of both civilizations.

In the following simulations we will adopt three basic ca@s a notation indicating
the three possible scenarios of exchange:

e Red: No economic exchange = 1.
¢ Blue: Economic exchange between the two civilizatiohs= 0.9.

e Green: Economic exchange in one direction= 1 andC; = 0.9 if ¢ # j.

4.1. Economic exchange: Causes unsustainibility in civilizations

The poor policy decisions about economic exchange can dafrgstating problems
for civilizations, because they affect directly to reneleatesources and each population. To
see this, we define the exchange regions as shown in Figure 6.

When civilization1 was reaching its maximum of population there was an economic
exchange where civilizatiohsent their corresponding resources in a short time, whicdmte
that resources of populationwere exhausting , and then two civilizations collapsed,- phe
nomenon can be explained by poor management of renewabilégrces.
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Figure 6. Exchange: Unsustainable - Unsustainable

4.2. Economic exchange: Causes Sustainability

A good selection of exchange regions allow to obtain two fdsscenarios, that
given time enough a region sustains another without reagignything in return or that the
two civilizations always keep an economic exchange allgwinem to benefit mutually.

4.2.1 Unilateral exchange: Causes sustainability

In Figures 2(b) and 3(b) we see that the financial assistantemf vital importance
to the sustainability o2. Now, if this civilization would have been more generous iaking
exchanges could have prevented the collapse of civilizdtiand then get permanently the
help of this civilization reaching sustainable developtrfenboth, as shown in the following

simulation (Figure 7).
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Figure 7. Unilateral exchange: Sustainable - Sustainable

Figure 7 shows that with little financial help ®tan make the system to be sustainable
because it has a unilateral exchange at steady statéd.



4.2.2 Bilateral exchange: Causes Sustainability

Now if policies of economic exchange would be implementedppropriate regions,
a sustainable development could be held for both civilregdiin which in steady-state case a
bilateral or mutual contribution can be found, Figure 8. liage at steady state byo 2.
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Figure 8. Bilateral exchange: Sustainable - Sustainable

4.3. Exchange: Causes unsustainability in a civilization

Returning to Figure 6(a) and defining another exchange zomvilization 1, the
scenario is different because this civilization reachesuistainable development while civi-
lization 2 runs out its renewable resource as shown in the simulatiéigoifre 9.
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Figure 9. Exchange: Sustainable - Unsustainable

5. Conclusions

1 The model proposed ifl] allows a study of how the economy of community can be
affected when there is economic exchange.



2 Economic exchange between communities contributes telal@ment as to the sustain-
ability of several communities.

3 A bifurcacional analysis of the system (2) can determieg#imges of parameter values
for which the civilizations reach their sustainable depeh@nt.

4 Exchange zones permit the design and implementation dfatactions on the eco-
nomy of each sector.

5 The stability of the equilibrium points as the Hopf bifutica detection is key to sus-
tainable development in a region.

6. Futurework and research approaches

1 The model can be complemented by involving CES productimttfons, migration
models, demographic, macroeconomic theory and climategsha

2 The dynamic interaction of economic exchange amorggions can be seen as a neural
network giving origin to a wide path of sustainable develepiresearch.

3 The characterization of other local bifurcations (Hopd)d§ as global ones (Homo-
clinic) allow to mark somes af.-parametric sustainability.

4 A detailed bifurcational study over the most relevanteratt of the system with inter-

change by using Filippov’s theory.
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