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Abstract. The aim of this paper is to show, using an example, the finite element
potential to simulate ductile fracture problems involving high number of degrees
of freedom. The example consists of a model proposed by Gologanu, Leblond,
Perrin and Devaux (GLPD model) to describe ductile fracture. This model is an
extension of the famous Gurson’s model to address the underlying unlimited lo-
calization problem arising in the Gurson model. The GLPD model was derived
from some refinement of Gurson’s original homogenization procedure; the new
model is of “micromorphic” nature, involving the second gradient of the macro-
scopic velocity and generalized macroscopic stresses of “moment” type, together
with some characteristic “microstructural distance”. The numerical implementa-
tion of this model into finite element codes is quite involved, since its requires the
use of finite element of class C1 and the solution of a complex “projection onto
the yield locus” problem. Enakoutsa and Leblond have proposed a numerical
scheme that avoids these two difficulties. We present here some new assessments
of this numerical scheme. First, we develop an analytical solution for the problem
of an elastic hollow sphere, obeying the GLPD model and subjected to hydro-
static tension; this solution agrees very well with the numerical predictions of
the GLPD model. Also, comparisons between experimental and numerical load
vs. displacement curves for an axisymmetric pre-cracked spcimen made of typical
stainless steel are found to yield satisfatory results.
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1 INTRODUCTION

Ductile fracture of porous metals arises from the nucleation, growth and final
coalescence of microvoids. Gurson (1977)’s model based on a“homogenized” ap-
proach provides a good description of the second stage of this process. Heuristic
extensions of Gurson model due to Tvergaard (1981) and Tvergaard and Needle-
man (1984) allow to account for the first and third stages. Practical finite ele-
ment computations of problems involving ductile fracture always suffer from a
pathological dependency of the results upon the finite element size. This problem
originates from the presence of softening in the Gurson model. One way to cir-
cumvate this difficulty is to adopt a nonlocal evolution equation for the porosity
(softening parameter) involving a spatial integral of some“local porosity rate”, as
suggested by Pijaudier-Cabot and Bazant (1987) in the context of concrete dam-
age. Enakoutsa et al. (2007) have shown that this solution allows to eliminate the
pathological mesh effects without degrading the quality ofthe agreement between
typical experiments of ductile fracture tests. However, the succes of this approach
was at the expense of its purely heuristic character and its lack of any serious
physical justification. Boundary effects also entail some drawbacks.

These are good reasons to consider Gologanu et al. (1997)’smicromorphic
model of ductile rupture, which was derived from some extension of Gurson
(1977)’s original homogenization procedure, based on conditions of homogeneous
boundary strain rate, to conditions ofinhomogeneousboundaries strain rate. In
Gologanu et al. (1997) model, the velocity imposed on the boundary of the repre-
sentative cell considered is no longer linear but quadraticwith respect to the coor-
dinates. Doing so allows to account for sharp gradient of macroscopic mechanical
fields encountered, for instance, near crack tips or during strain localization. The
output of the procedure was a model of “micromorphic” type, involving the sec-
ond gradient of the macroscopic velocity and a generalized macroscopic stress of
“moment” type together with some microstructural characteristic distance of the
order of the average voids semi-spacing.

The numerical implementation of this model into some finite element code
raises two problems. The first one is the apparent need for finite element of
classC1, non-available in standard finite element codes. This need is obviated
through introduction of some new nodal variables representing the components of
the strain rate. The second difficulty lies in the necessary operation of “projec-



tion” onto the sophisticated yield locus. An implicit algorithm similar in principle
to that classically used for the von Mises criterion, although much more complex
in detail, is adopted for this purpose. The details of the numerical implementation
are provided in Enakoutsa and Leblond (2009).

The aim of this paper is to follow up the study of the assessement of the al-
gorithm of Enakoutsa and Leblond. Namely, we shall considertwo different as-
sessments. The first one is discussed in Section 2. It is concerned with some
analytic solution developed for the problem of an elastic hollow sphere subjected
to hydrostatic tension in the framework of linearized elasticity; the matrix ma-
terial obeys the GLPD model. Comparisions between the numerical predictions
of the GLPD model and the analytical solution confirm the robustness of the nu-
merical scheme used by Enakoutsa and Leblond (2009) in the implementation of
this model into SYSTUS finite element code. Hence, this reference analytical so-
lution can be used to assess the numerical implementation ofthe GLPD model
in another finite element code. In the second application presented in Section 3,
comparisions between experimental and numerical load-displacement curves for
an axisymmetric pre-cracked specimen made of a typical stainless steel are found
to yield satisfactory results.

2 GLPD model

The derivation of the GLPD model, based on homogenization ofsome repre-
sentative “elementary cell” in some plastic porous medium subjected to conditions
of inhomogeneousboundary strain rate, is presented in detail in Gologanu et al.
(1997) and will not be repeated here. The hypothesis of additivity of elastic and
plastic strain rates reads

{

D ≡ D
e +D

p

∇D ≡ (∇D)e + (∇D)p.
(1)

Note that the elastic and plastic parts(∇D)e, (∇D)p of the gradient of the strain
rate here have no reason to coincide with the gradients∇(De), ∇(Dp) of the elas-
tic and plastic parts of the strain rate. The rest of the elements of the constitutive
equations of the GLPD model are summarized below.



2.1 Hypoelasticity law

The elastic parts of the strain rate and its gradient are related to the rates of the
stresses and moments through the following hypoelasticitylaw1:







σ̌ij = λDe
kkδij + 2µDe

ij

M̌ijk =
b2

5

[

λ(∇D)ekkδij + 2µ(∇D)eij − 2λUe
kδij − 2µ

(

Ue
i δjk + Ue

j δik
)]

.
(2)

In these expressionšσij andM̌ijk are the Jaumann (objective) derivatives ofσij

andMijk. Also, λ andµ are Lamé’s coefficients,b is the mean half-spacing be-
tween voids2, andUe ≡ (Ue

i )1≤i≤3 is a vector the value of which is fixed by the
equationsM̌ijj = 0:

Ue
i =

λ(∇D)ehhi + 2µ(∇D)eihh
2λ+ 8µ

. (3)

This vector plays the same role in the model as the componentǫezz of the elastic
strain in the theory of thin plates, which is freea priori but fixed in fine by the
plane stress condition.

2.2 Yield criterion

The plastic behaviour is governed by the following Gurson-like criterion

Φ(σ,M, f) ≡
1

σ̄2

(

σ2

eq +
Q2

b2

)

+ 2p cosh

(

3

2

σm

σ̄

)

− 1− p2 = 0. (4)

In this expression,

• σeq ≡
(

3

2
σ′
ijσ

′
ij

)1/2
(σ′ ≡ deviator ofσ) is the von Mises equivalent stress;

• σm ≡ 1

3
tr σ is the mean stress;

• σ̄ represents a kind of average value of the yield stress in the heterogeneous
metallic matrix, the evolution equation of which is given below;

1This law slightly differs from that proposed by Gologanu et al. (1997). The modification is
permissible in view of the minor role played by elasticity inductile rupture problems and allows
for a somewhat easier numerical implementation of the model.

2This is the radius of the spherical elementary cell considered in the homogenization procedure.



• p is a parameter connected to the porosity (void volume fraction)f through
the relation (Tvergaard (1981), Tvergaard and Needleman (1984)):

p ≡ qf ∗ , f ∗
≡

{

f if f ≤ fc
fc + δ(f − fc) if f > fc

(5)

whereq is “Tvergaard’s parameter”,fc the “critical” porosity at the onset
of coalescence of voids, andδ (> 1) a factor describing the accelerated
degradation of the material during coalescence;

• Q2 is a quadratic form of the components of the moment tensor given by

Q2
≡ AIMI + AIIMII ,

{

AI = 0.194
AII = 6.108

(6)

whereMI andMII are the first two invariants ofM:

MI ≡
1

9
MjjiMkki , MII ≡

3

2
M ′

ijkM
′
ijk (7)

(M′ ≡ deviator ofM over its first two indices).

2.3 Flow rule

The plastic parts of the strain rate and its gradient are given by the flow rule
associated to the criterion (4)via the normality property3:


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

















D
p
ij = η

∂Φ

∂σij

(∇D)pijk = η
∂Φ

∂Mijk
+ U

p
i δjk + U

p
j δik

(8)

with






η = 0 if Φ(σ,M, f) < 0

η ≥ 0 if Φ(σ,M, f) = 0.
(9)

The terms involving the vectorUp ≡ (Up
i )1≤i≤3 here represent an arbitrary rigid-

body motion left unspecified by the flow rule (see Gologanu et al. (1997)). In
practice, the value ofUp is again fixed by conditionšMijj = 0. This vector plays
the same role in the model as the componentǫ̇pzz of the plastic strain rate in the
theory of thin plates.

3It has been shown by Gologanu et al. (1997) that the normalityproperty is preserved in the
homogenization process.



2.4 Evolution of internal parameters

The evolution of the porosity is governed by the following classical equation,
which results from approximate incompressibility of the metallic matrix:

ḟ = (1− f) tr Dp. (10)

The parameter̄σ is given by

σ̄ ≡ σ(ǭ) (11)

whereσ(ǫ) is the function providing the yield stress of the matrix material as a
function of the equivalent cumulated strainǫ, and ǭ is the average value of this
equivalent strain in the heterogeneous matrix. The evolution of ǭ is governed by
the following equation:

(1− f)σ̄ ˙̄ǫ = σ : Dp +M
...(∇D)p. (12)

3 Analytical solution of the hollow sphere problem

In this section, we consider the problem of a hollow sphere ofinner and outer
radii ri andre, respectively. The inner surface of this sphere is fixed while the
outer one is subjected to hydrostatic tension loading. The matrix material of th
ehollow sphere obeys the elasticity law Eq.(2). We study spherically symmetric
solutions for this problem in the framework of linearized elasticity (small dis-
placement, small strain).

Letur ≡ u denote the radial displacement in the matrix,u ≡ uer the displace-
ment vector; also, we assume thatw = ∆u. Taking the derivatives of the moment
and stress components of Eq.(2), we get after a tedious calculation







σij,j = (λ+ 2µ)wi

Mijk,jk = µ
10

b2
λ+ 2µ

λ+ 4µ
(∆w)i.

(13)

The equilibrium equationsσij,j −Mijk,jk = 0 yields the following equation:

∆w − k2
w = 0, (14)

where

k2 =
1− 2ν

2− 3ν

b

5
. (15)



Eq.(14) is similar to those obtained in the problem of radialvabriations of a
sphere, but with−k2

w instead ofk2
w. In fact, it can be shown that the vectorw

derives from a functionΦ, that is,w = gradΦ. Eq.(14) then yields

∆Φ− k2Φ = cste. (16)

Adjusting the arbitrarycste in Eq.(16) and solving this equation forΦ we get in
spherical coordinates

Φ = α
ekr

r
+ β

e−kr

r
and w ≡ wr = Φ′. (17)

whereα, β andk are arbitrary constants and the symbol′ denotes
∂

∂r
. The radial

displacementur ≡ u is then obtained as

w ≡ wr = (∇trD),r = (trD),r = (u′ +
2u

r
)′. (18)

Solving Eq.(18) forur ≡ u , we finally get

u(x) = α

(

1

x
−

1

x2

)

ex + β

(

1

x
+

1

x2

)

e−x + γx+
δ

x2
, (19)

wherex ≡ kr, α, β, γ andδ are arbitrary constants. It is necessary to calcultate
the values of these arbitrary constants to completly define the analytical form of
the displacementu. To that end, we define the boundary conditionsMrrr(ri) = 0,
ur(ri) = ∆i, Mrrr(re) = 0 andur(re) = ∆e. This allows to form a system of
four linear equations with four unknownsα, β, γ andδ
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6δ

x4

i
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αexePe + βe−xeQe +
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x4
e
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α

(

1
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+
1

x2

i

)
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(

1
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+
1
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i

)

e−xi + γxi +
δ
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i
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α
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1
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1
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e
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(

1
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1
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e

)
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δ

x2
e

= ∆e.

. (20)



the solution of which is obtained as:
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wherexi = kri, xe = kre, Pi ≡ P (xi), Pe ≡ P (xe), Qi ≡ Q(xi),

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−3 + χ
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1− χ

x
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+

6

x3
+

6

x4
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(22)

Eqs.(21), (19), (22) and the expression ofDe
4 completly define the expression of

the radial displacement.

4 Numerical applications

Taking advantage of the axisymmetry conditions of the problem considered,
we study only the quarter of the geometry of the problem, modeled in two di-
mensions; this yields a mesh discretization of 81 elements.The external radiusre
worth 10mm and is twice the internal radiusri. Again, the matrix material of the
hollow sphere obeys the elasticity law defined by Eq.(2), butusing a high value
of the yield limit, so that the behavior of the matrix stays inthe elastic regime
during the entire numerical computation. The value chosen for the characteristic
length isb=1 mm. The load is an imposed displacement on the upper surface of

4The terms givingDe are to long and are not provided here; however, it can be easily calculat-
edvusing Eq.(20)



the hollow sphere; the inner surface of the sphere remains fix.

The numerical computations were performed using SYSTUS FE code devel-
oped by ESI Group where the GLPD model presented in Section 1 was imple-
mented, in two dimensions. The numerical implementation has been extensively
discussed in Enakoutsa and Leblond (2009); consequently, it will not be repeated
here. Recall, however, that this implementation raises twomajors problems. The
first one is the apparent need for elements of classC1. This need is obviated
through introduction of some new nodal variables representing the components of
the strain rate. The second problem lies in the necessary operation of “projection”
onto the sophisticated yield locus. An implicit algorithm similar in principle to
that classically used for the von Mises criterion, althoughmuch more complex in
detail,is adopted for this purpose. The convergence of thisalgorithm is difficult,
because of the large number of nodal degrees of freedom that it involves, and the
CPU time may increase.

In practise, Enakoutsa and Leblond (2009) have obtained converged results by
slightly modifying the original algorithm. Their modification consists of fixing
the values of the rate of the plastic deformation as well as its gradient to those
of the previous time step. These values become knowns in the problem, contrary
to the original algorithm where they were unknowns. The solution of the new
problem is then equivalent to that of a purely elastic problem with initial deforma-
tions. The balance equations are solved for on the configuration at timet instead
of t + ∆t and it only remains some weak non-linearities related to theJaumann
derivative of the stresses and moments. At convergence, thevalues of the rate of
the plastic deformation and its gradient are stored, and then distributed into elastic
and plastic parts using the “projection algorithm”. The projection problem itself
does not change. The proposed modification was only valid forvery small time
step as it is usually the case in explicit numerical codes.

Presented in contrast here are the results using the original implementation
algorithm described in Enakoutsa and Leblond (2009). Figure1 illustrate the dis-
tribution of the displacement over a radius of the hollow sphere for several charac-
teristic length distancesb: 0.5, 1 and 2mm. The results of these comparisons con-
firm the robustness of the numerical scheme proposed by Enakoutsa and Leblond
(2009) to implement the GLPD model into SYSTUS FE code. Also,they demon-
strate that the analytical solution for problem of an elastic hollow sphere obeying
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Figure 1: Comparisons computations/theory. Distributionof the displacement
over a radius of the hollow sphere for several characteristic length distancesb.
Top: b=0.5mm; Bottom-left: b=1mm; bottom-right:b=2mm. The computations
were performed in the framework of linearized elasticity. Dashed lines: theory;
dotted lines: GLPD numerical predictions. The numerical results agree very well
with the analytical solution.

the GLPD model and loaded in tension can be viewed as a reference to assess
future numerical implementations of the GLPD model into FE codes that differ
from SYSTUS.

Another more complex numerical application is the problem of a pre-cracked
axisymmetric specimen in tension, made of A508 Cl.3 steel, for which experi-
mental results of fracture tests are available Rousselier and Mudry (1983). The
mesh of this specimen is shown in Figure 2. Advantage is takenof symmetry
about the horizontal mid-plane to mesh only the upper half ofthe structure. The
semi-height and radius are 22.5 mm and 7.5 mm respectively. The shape of the
central notch is triangular in a meridian plane; its half-opening angle and depth
are30◦ and 2.5 mm respectively. A fatigue pre-crack of length 0.9 mm(invisible
in the figure) originates from the notch root. Figure 3 shows the experimental and
numerical load-displacement curves. The numerical results have been obtained
using the GLPD model withb = 55µm. The agreement is quite acceptable in
view of the experimental errors.

The conclusion is that, although the computations using Enakoutsa and Leblond
(2009)’s numerical scheme are quite time-consuming due to the increased number



Figure 2: Mesh of the pre-cracked specimen
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Figure 3: Comparison of experimental and numerical load-displacement curves
of the pre-cracked specimen TA15. The agreement between theGLPD numerical
predictions and the experiments is acceptable, in view of the experimental errors.

of nodal degrees of freedom, Enakoutsa and Leblond (2009)’salgorithm seems to
be a promising tool to simulate the behavior of metallic materials undergoing duc-
tile rupture, especially in the post-bifurcation regime ofthese materials.
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