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Abstract

In this work, we consider a dilute reactive mixture of four constituents under-
going the reversible reaction A+B 
 C+D. The mixture is described using the
Boltzmann equation (BE) to chemically reactive systems which treats both elastic
and reactive collisions as hard spheres type. We use the Chapman-Enskog method,
at the first-order level of the Enskog expansion, to determine the non-equilibrium
solution to the system in a chemical regime for which both elastic and reactive
collisions occur with comparable characteristic times. In this case, the chemical
reaction can be considered in its final stage, close to chemical equilibrium (fast
process). We then determine the transport coefficients and focus our analysis on
the evaluation of the coefficient associated with the shear viscosity and investigate
how the reaction heat and the activation energy changes this coefficient.
.

1 Introduction
Non-equilibrium effects and transport
properties of chemically reactive mix-
tures are widely investigated in modern
fluid dynamics, due to several applica-
tions of multicomponent reactive systems
in chemical engineering, biotechnology,
combustion engineering, propulsion de-
vices and other industrial processes. The
description of the chemical kinetics of
the reaction mechanism is an important
part of the investigation and the appli-
cation of mathematical models can pro-
vide some additional tools to better under-

stand the chemical process [1]. Several
papers appear in the literature concern-
ing the study of the Boltzmann equation
applied to chemical processes and among
others we quote the works of Present [3],
Ross and Mazur [4], Shizgal and Karplus
[5], Cukrowski and Popielawski [7].

The present paper also arises in this
direction. In the kinetic model here used,
elastic and reactive collisions are assumed
of hard-sphere type and are treated of
the same order. Therefore, this model
is appropriate to investigate processes in
which chemical reactions play a relevant
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role. This work is applied to a quaternary
reactive mixture of monatomic gases,
whose constituents undergo the reversible
reaction of bimolecular type. We use the
Chapman-Enskog method and the second
approximation of the Enskog expansion,
to determine the non-equilibrium solution
to the system in a chemical regime of fast
chemical reaction for which both elastic
and reactive collisions occur with compa-
rable characteristic times.

In this paper, we start with a simpler
case in the dilute gas regime and focus our
analysis on the evaluation of the transport
coefficients associated to shear viscosity
of the reactive mixture.

2 Boltzmann Equation
We consider a quaternary mixture of ideal
gases whose constituents denoted by A,
B, C and D, have binding energies εα =
A,B,C,D. There exist two kinds of colli-
sions between the molecules of the gas:
the elastic one which refers to non re-
active interactions and the one which
takes into account the reaction. The
gas molecules undergo inelastic collisions
with reversible reactions of the type

A+B 
C+D. (1)

The conservation laws of linear mo-
mentum and total energy for a reactive
collision are given by

mAcA +mBcB = mCcC +mDcD, (2)

εA +
1
2

mAc2
A + εB +

1
2

mBc2
B (3)

= εC +
1
2

mCc2
C + εD +

1
2

mDc2
D,

where (cA, cB) and (cC, cD) are the ve-
locities of reactants and products, respec-
tively, of the forward reaction. The con-
servation laws for the nonreactive colli-
sions have the same form as the above
equations.

We denote by gBA = cB − cA and
gDC = cD − cC the assymptotic relative
velocities of the reactants and products
of the forward reaction, respectively, and
write the conservation law of total energy
(3) as

1
2

mABg2
BA =

1
2

mCDg2
CD +E, (4)

E = εD + εC− εB− εA = ε− εr,

where E, the difference between the bind-
ing energies of products and reactants is
connected with the reaction heat.

In the phase space defined by posi-
tions and velocities of particles, the state
of the mixture is defined in terms of the
set of one-particle distribution functions

fα = f (x,cα , t) (α = A,B,C,D), (5)

such that fαdxdcα gives at time t the
number of molecules of type α in the vol-
ume element dxdcα around the position x
and the velocity cα . The evolution of te
one-particle distribution fα in the phase
space is assumed to satisfy the Boltzmann
equation which in the absence of external
forces is written as

∂ fα

∂ t
+cα

i
∂ fα

∂xi
=QE

α +QR
α , (α =A,B,C,D)

(6)
where

QE
α =

D

∑
β=A

∫ [
f ′α f ′

β
− fα fβ

]
dΓαβ , (7)
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QR
AB =

∫ [
fC fD

(
mAB

mCD

)3

− fA fB

]
dΓ

?
AB,

(8)

QR
CD =

∫ [
fA fB

(
mCD

mAB

)3

− fC fD

]
dΓ

?
CD

and

dΓαβ = d2(gβα .kβα)dkβαdcβ (9)

dΓ
?
AB = σ

?
AB(gBA.kBA)dkBAdcB, (10)

dΓ
?
CD = σ

?
CD(gDC.kDC)dkDCdcD

The quantities σ?
BA and σ?

DC denote reac-
tive differential cross section, kα and dkα

denote the unit collision vector and the
element of solid angle for elastic colli-
sions, whereas kα and dkα represent the
corresponding quantities or reactive inter-
actions. The parameter d denotes the di-
ameter of a particle. Due to the principle
of microscopic reversibility [10], a defi-
nite relationship exists between the for-
ward cross section σ?

BA and that for the
reverse reaction σ?

DC. The parameter d
denotes the diameter of a particle. Due
to the principle of microscopic reversibil-
ity [10], there is relationship exists be-
tween the forward cross section σ?

AB and
that for the reverse reaction σ?

CD. By us-
ing this principle, the transformation law
bettween the elements for the reactive and
forward collisions in the velocity space is
given by

mCDgBAdkBAdcCdcD (11)

= mABgDCdkDCdcAdcB,

m2
CDg2

DCσ
?
CD = m2

ABg2
BAσ

?
AB.

3 Chapman-Enskog Method
The non-equilibrium effect are contained
in the one-particle distribution functions,

fα , α = A,B,C,D and it is character-
ized after solving the appropriate reac-
tive Boltzmann equation (6). This can
be achieved in the framework of the
Chapman-Enskog method [2, 3], once
line-of-center model for the reactive cross
sections is assumed,

σ
?
AB = 0, εα < ε

? (12)

σ
?
AB = dr2

(
1− ε?

γAB

)
, γAB > ε

?

In equation (12) γAB = mg2
BA/4kT is

the relative translational energy of con-
stituent α and ε? is the activation energies
of the reaction in units of the thermal en-
ergy of the mixture, kT , T is the tempera-
ture of the mixture and k being the Boltz-
mann constant.

If we multiply the Boltzmann equa-
tion (6) by arbitrary function ψα =
1,ψα = mcα

i and ψα = mc2
α/2 + εα ,

respectively and integrate the resulting
equations over all values of cα , we get the
equations

∂nα

∂ t
+

∂

∂ t
(nαvi +nαuα

i ) (13)

=
∫
(QE

α +QR
α)dcα = τα ,

∂

∂ t
(mαnα)vα

i +
∂

∂x j
[pα

i j +mαnα(uα
i v j

(14)

+uα
j vi + viv j)] =

∫
mαcα

i (Q
E
α +QR

α)dcα ,

∂

∂ t

[
3
2

nαkT +nαεα +mαnα

(
uα

i vi +
1
2

v2
)]

(15)

+
∂

∂xi

{
qα

i + pα
i jv j +nαεαuα

i +
1
2

mαnαv2uα
i

+

[
3
2

nαkT +nαεα +mαnα

(
uα

i vi +
1
2

v2
)]

vi
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=
∫ (mα

2
c2

α

)
(QE

α +QR
α)dcα ,

where nα is particle densities, vα
i is the

velocity components, T is the tempera-
ture of the mixture, uα

i is the diffusion ve-
locity, pα

i j is pressure tensor, qα
i is the heat

flux for each constituent α and τα denotes
the rate of reaction due to the chemical re-
action. The quantities above are defined
in terms of the distribution function [6].

The distribution function contains
all the information about the non-
equilibrium effects induced by the chem-
ical reaction. The solution of the Boltz-
mann equation (6) in a chemical regime
for which the reaction process is close to
its final stage (fast process) to this prob-
lem is based on the Chapman-Enskog
method and Sonine polynomial approxi-
mation to the coefficients of the distribu-
tion functions [11].

For the solution of the Boltzmann
equation (6) it is convenient to write fα in
terms of Sonine polynomials and retain,
at least, the expansion up to the first-order
term,

fα = f M
α

{
1+bα

0 ξ
α
<iξ

α
j>

mα

kT
∂v<i

∂x j>

}
,

(16)

f M
α = nα

( mα

2πkT

)3/2
exp
(
−mαξ 2

α

2kT

)
where bα

0 is scalar coefficient to be deter-
mined The expansion adopted is capable
to reproduce an appreciate effect of the re-
action heat and reactive cross section on
the distribution function.

4 Results

The pressure tensor of the mixture is de-
fined by

pi j =
D

∑
α=A

∫
mαξ

α
i ξ

α
j fαdcA = (17)

pδi j−2µ
∂v<i

∂x j>.

Where µ is the shear viscosity of the
mixture.

The figures shown the dimensionless
shear viscosity with mA = 2,2; mB = 1,8;
mC = 3,8 and mD = 0,2.
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Figure 1: Dimensionless Shear Viscosity Coefficient as function of the activation

energy ε? to exothermics reactions
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Figure 1: Dimensionless Shear Viscosity Coefficient as function of the activation

energy ε? to endothermics reactions

In figures 1 and 2 are plotted respec-
tively, the dimensionless shear viscosity
coefficient µ? = µ/µ I to exothermics and
endothermics reactions and µ I is shear
viscosity for inert mixture.

With respect to the viscosity coeffi-
cient the figures 1 and 2 have shown that
the non-equilibrium effects induced by
the chemical reaction are more noticeable
for small values of the activation energy,
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as expected. The effects are more no-
ticeable when the endothermic reaction
is predominant and, in addition, become
greater when the endothermicity (respec-
tively exothermicity) character increases
(respectively decreases) Besides, the vis-
cosity of the reactive mixture is smaller
than the one of the inert mixture.

5 Conclusions
In this paper, the second approximation
to the distribution functions were deter-
mined from the system of Boltzmann
equations for the last stage of a chemical
reaction- known as fast reaction- where
the affinity is considered as a small quan-
tity in comparison with the thermal en-
ergy of the mixture. The reaction heat
modifies the shear viscosity, i. e., the
production term pi j of the pressure ten-
sor of the mixture and the effect is more
acenttuated to low activation energies. It
is shown the reaction to occur only when
the relative translational energy is greater
than the activation energy.
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