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Abstract

Motived to understanding the behavior of the spin wave propagation in magnetic
material, we propose a semiclassical approach to obtain the dispersion equation
in a system with N spins in a lattice with parameter a interacting via discrete in-
teraction. We found an unexpected term in the dispersion equation not reported
before.

1 Introduction

In ferromagnetic systems, neighboring
spins are coupled by the exchange inter-
action. Thus, the excitations of the sys-
tem correspond to collective spin preces-
sion around the equilibrium position. The
excitation of minor energy is the uniform
mode in which spins precession around
applied magnetic field H remaining par-
allel to each other, i.e. having the same
phase [1]. In this case the interaction
between the spins do not contribute to
the precession frequency. Due to the in-
teraction between the spins, the system
also has collective modes in which the
phase of precession varies in space, called
spin waves. The uniform mode is actu-
ally a spin wave with wave length infinite.
As the wavelength decreases, the angle
between neighboring spins and therefore
increases the contribution to the energy
exchange excitation energy. The spin
waves, among them uniformly, are the el-

ementary excitations of a magnetic sys-
tem. They are quantized, with its quan-
tum called magnon [2]. The magnons
are thermally excited and obey Bose-
Einstein statistics, since the temperature
is not close to the critical temperature at
which the system passes to the ferromag-
netic phase. The spin waves can be ex-
cited and detected by a variety of exper-
imental techniques such as magnetic res-
onance, light scattering and neutron scat-
tering [3, 4, 5, 6, 7, 8]. In our model, we
propose a Spin-Spin interaction via a dis-
crete exchange energy in a magnetic field
H, where H includes the external fields
plus any molecular field.

2 Semiclassical Model
There are some theoretical approach in
the literature about spins waves since the
1930s, [2, 9] and the semiclassical and the
quantum pictures of spin wave was thor-
oughly explored [10, 11, 12, 13, 14, 15,
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16, 17, 18, 19].
We will consider a set of N spins inter-

acting in a solid with lattice parameter a
via exchange energy (Heisenberg Hamil-
tonian)

H =−2J ∑
i6= j

~Si ·~S j (1)

Where the summation is taken over all
nearest neighbors and J is the exchange
integral between nearest neighbors. Here
we will consider ~S the spin vector of the
system with magnitude S.

Considering that the system is per-
turbed from the equilibrium position and
the Spin in the site N depends of the con-
figuration of the spin at site N−1 , and the
temporal evolution will be taken account
as snapshot pictures at the sites, thus the
perturbation in the system at site one is
~S1 = ~S0 +∆~S0 and consequently at site N
~SN = ~SN−1 +∆~SN−1 . Here, we will con-
sider, that the change in the spin vector
(the term operator is omitted due the clas-
sical approach) ∆~SN is proportional to the
lattice parameter a and to the momentum
transfer ~LN . We will postulate that the
changes in the momentum transfer are:

∆~LN =−bk~S(k) =~LN−~LN−1 (2)

Where b is a constant of proportion-
ality that we will define to be equal one,
k is the wave vector, and define the di-
rection of propagation of the perturba-
tion, and~S(k)∝ k|~SN |, its consistent since
magnons have a parabolic dispersion rela-
tion. From this point on we will adopt the
notation |~S|= S and setting

S1 = S0 +aL0 (3)

And the Nth site, the propagation will
be:

SN = SN−1 +aLN−1 (4)

SN = S0 +a
N−1

∑
j=0

L j (5)

and consequently

LN = LN−1−ak2SN−1 (6)

LN = L0−ak2
N−1

∑
j=0

S j (7)

The recursive combination of equa-
tion (5) leads to

SN =
[N

2 ]

∑
s=0

(ak)2S(s)N (8)

where S(s)N is a polynomial functions of S0,
[N

2 ] is the largest integer in N
2 , with

S(0)N = S0 +L0

N−1

∑
j1=0

a = S0 +L0Na (9)

and

S(s)N =−
N−1

∑
j1=0

j1−1

∑
j2=0

S(s−1)
j2 (10)

Successive re-iterations on equation
(10) lead to

S(s)N = (−1)s
N−1

∑
j1=0

j1−1

∑
j2=0

...
j2s−1−1

∑
j2s=0

S(0)j2s−1

(11)

S(s)N = (−1)s
N−1

∑
j1=0

j1−1

∑
j2=0

...

j2s−1−1

∑
j2s=0

(S0 +aL0 j2s) (12)

Now, we use N=
(N

1

)
and the identity

N−1

∑
j=0

(
j

w

)
=

(
N

w+1

)
(13)
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for N > w.
This can easily be proved by induc-

tion, to get

S(s)N = (−1)s
(

S0

(
N
2s

)
+aL0

(
N

2s+1

))
(14)

Which, with equation (8) leads to

SN =
[N

2 ]

∑
s=0

(−1)s
[
(ak)2sS0

(
N
2s

)
+

(ak)2s+1L0

k

(
N

2s+1

)

(16)

For N� 1, however, the following ap-
proximation is valid(

N
w

)
≈ Nw

w!
(17)

And then

[N
2 ]

∑
s=0

(−1)s(ak)2s
(

N
2s

)
≈

[N
2 ]

∑
s=0

(−1)s(ak)2s N2s

(2s)!
≈

≈ cos(Nak) (18)

[N
2 ]

∑
s=0

(−1)s(ak)2s+1
(

N
2s+1

)
≈

[N
2 ]

∑
s=0

(−1)s(ak)2s+1 N2s+1

(2s+1)!
≈

≈ sin(Nak) (19)

Thus

SN = S0 cos(Nka)+L0
sin(Nka)

k
(20)

We can interpret the equation (20) as
adjacent spins in a solid with lattice con-
stant a that participate in a mode with
wavevector k having an angle between
them equal to ka.

The model requires a periodic bound-
ary conditions that is equivalent to bend-
ing the a chain around into a ring so that
first spin is a the N + 1 spin, each spin
j has two nearest neighbors, j + 1 and
j− 1, with which it interacts trough the
exchange integral J. We will replaced the
quantum pictures of the ladder operators
by the wave evolution in +k and−k. Con-
sequently we have:

E(+k)
j =−2JS2 cos( jka)+

2L0
sin( jka)

k
(21)

E(−k)
j =−2JS2 cos( jka)+

2L0
sin( jka)

k
(22)

The deviations from the ground state
E0 between adjacent spins, where

E0 =−NJS2−gµBhS, (23)

will be

∆E = (−2JS2 cos(ka)+2L0
sin(ka)

k
−

gµBhS)− (−4JS2−gµBhS). (24)

Consequently the obtained dispersion
equation is

h̄ω = 4JS2(1− cos(ka))+4L0
sin(ka)

k
.

(25)
This equation show us that the dis-

cretization increase the energy of the sys-
tem that return to the normal behavior af-
ter first maximum due to damping natu-
rally present in the last term of the equa-
tion .
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3 Conclusions
In summary, we propose a discrete semi-
classical model , and we obtain the disper-
sion energy equation of magnons in a sys-
tem interacting via exchange energy with
a large number of sites that can be find
requiring a periodic boundary conditions.
An analytical solution was proposed that
could be helpful in other periodic sys-
tems. In a previous paper [20] we were
applied this mathematical approach to un-
derstanding quantum-to-classical transi-
tion and was possible to see in a clear way
that this discrete to-continuous transition
occurs.We intend in future work to per-
form some computer simulations to bet-
ter understand the relationship between a
discrete interaction with spin wave prop-
agations.
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